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ABSTRACT 

We analyze several issues concerning the singular vectors of the Topologi¬ 
cal N=2 Superconformal algebra. First we investigate which types of singular 
vectors exist, regarding the relative U(l) charge and the BRST-invariance 
properties, hireling four different types in chiral Verrna modules and twenty- 
nine different types in complete Verrna modules. Then we study the family 
structure of the singular vectors, every member of a family being mapped to 
any other member by a chain of simple transformations involving the spec¬ 
tral hows. The families of singular vectors in chiral Vernra modules follow 
a unique pattern (four vectors) and contain subsingular vectors. We write 
down these families until level 3, identifying the subsingular vectors. The 
families of singular vectors in complete Verrna modules follow infinitely many 
different patterns, grouped roughly in hve main kinds. We present a particu¬ 
larly interesting thirty-eight-member family at levels 3, 4, 5, and 6, as well as 
the complete set of singular vectors at level 1 (twenty-eight different types). 
Finally we analyze the Dorrzapf conditions leading to two linearly indepen¬ 
dent singular vectors of the same type, at the same level in the same Verma 
module, and we write down four examples of those pairs of singular vectors, 
which belong to the same thirty-eight-member family. 
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1 Introduction and Notation 


In the last few years, singular vectors of infinite dimensional algebras corresponding 
to conformal field theories are drawing much attention. Far from being empty objects 
that one simply would like to get rid of, they rather contain an amazing amount of useful 
information. For example, as a general feature, their decoupling from all other states in 
the corresponding Verma module gives rise to differential equations which can be solved 
for correlators of conformal fields. Also, their possible vanishing in the Fock space of the 
theories is directly connected with the existence of extra states in the Hilbert space that 
are not primary and not secondary (not included in any Verma modules) [|l|. In some 
specific theories the corresponding singular vectors are, in addition, directly related to 
Lian-Zuckermann states ||| [3j|. 


Regarding the construction of singular vectors, using either the “fusion” method 
or the “analytic continuation” method, explicit general expressions have been obtained 
for the singular vectors of the Virasoro algebra [|J, the Sl(2) Kac-Moody algebra 
the Affine algebra A] 1 ' [6], the N=1 Superconformal algebra 0, the Antiperiodic N=2 
Superconformal algebra [[J, and some W algebras JT0[. There is also the method of 
construction of singular vertex operators, which produce singular vectors when acting 
on the vacuum 0. In some cases it is possible to transform singular vectors of an 
algebra into singular vectors of the same or a different algebra, simplifying notably the 
computation of the latter ones. For example, Kac-Moody singular vectors have been 
transformed into Virasoro ones, by using the Knizhnik-Zamolodchikov equation |fT2 |, and 
singular vectors of W algebras have been obtained out of singular vectors via a 


quantum version of the highest weight Drinfcld-Sokolov gauge transformations [13 


The singular vectors of the Topological N=2 Superconformal algebra have been con¬ 
sidered mostly in chiral Verma modules. Some interesting features of such topological 
singular vectors have appeared in a series of papers, starting in the early nineties. For ex¬ 
ample, in [0 and [T5| it was shown that the uncharged BRST-invariant singular vectors, 
in the “mirror bosonic string” realization (KM) of the Topological algebra, are related 
to Virasoro constraints on the KP r -function. In [[16] an isomorphism was uncovered 
between the uncharged BRST-invariant singular vectors and the singular vectors of the 
Sl(2) Kac- Moody algebra (this was proved until level four). In [^J the singular vectors 
were related to Lian-Zuckermann states. Some properties of the singular vectors in the 
DDK and KM realizations were analyzed in []TT] . In [T8|] the complete set of singular 
vectors at level 2 (four types in chiral Verma modules) was written down, together with 
the “universal” spectral flow automorphism A which transforms all types of topological 
singular vectors back into singular vectors. 


In this paper we investigate several issues related to the singular vectors of the Topo- 
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logical N=2 Superconformal algebra, denoted as topological singular vectors, considering 
chiral as well as complete Verma modules. The results are presented as follows. In 
section 2 we discuss the possible types of topological singular vectors which may exist, 
taking into account the relative U(l) charge and the BRST-invariance properties of the 
vector and of the primary state on which it is built. We use an algebraic mechanism, the 
“cascade effect”, which provides a necessary (although not sufficient) condition for the 
existence of singular vectors of a given type, finding four different types in chiral Verma 
modules and twenty-nine different types in complete Verma modules. All these types of 
topological singular vectors exist already at level 1, except one type which only exists at 
level zero. 

In section 3 we analyze a set of mappings which transform topological singular vectors 
into each other (of a different or of the same Verma module). These mappings give rise 
to family structures which depend on the types of singular vectors and Verma modules 
involved. 

In section 4 we derive the family structure corresponding to singular vectors in chiral 
Verma modules. We find a unique structure consisting of four singular vectors, one of 
each type at the same level, involving generically two different chiral Verma modules. 
We write down the complete families until level 3. These families contain subsingular 
vectors; we identify them in the given families and we conjecture an infinite tower of 
them for higher levels. 

In section 5 we derive the family structure corresponding to singular vectors in com¬ 
plete Verma modules. We find an infinite number of different patterns which can be 
roughly grouped in five main kinds. Then we derive the spectra of conformal weights A 
and U(l) charges h corresponding to the complete Verma modules which contain generic 
and chiral singular vectors. 

In section 6 we analyze some conditions under which the chains of mappings act in¬ 
side a Verma module, transforming some types of singular vectors into singular vectors 
of exactly the same types at the same level. We then analyze the Dorrzapf equations, 
originally written for the Antiperiodic N=2 Superconformal algebra, leading to the ex¬ 
istence of two linearly independent singular vectors of the same type, at the same level 
in the same Verma module. We present examples which prove that some (at least) of 
those singular vectors are transformed into each other by the mappings described here, 
i.e. they belong to the same families, and we conjecture that the same is true for all of 
them; that is, that the two partners in each Ddrrzapf pair belong to the same family. 

Section 7 is devoted to conclusions and final remarks. In Appendix A we describe the 
“cascade effect”, in Appendix B we write down the whole set of singular vectors at level 
1 in complete Verma modules, and in Appendix C we present a particularly interesting 
thirty-eight-member family of singular vectors at levels 3, 4, 5, and 6. 
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Notation 


Highest weight (h.w.) states denote states annihilated by all the positive modes of the 
generators of the algebra, i.e. C n >i\x) = TC n >i\x) = Qn> l\x) = Qn> i\x) = 0 . 

Primary states denote non-singular h.w. states. 


Secondary or descendant states denote states obtained by acting on the h.w. states with 
the negative modes of the generators of the algebra and with the fermionic zero modes 
Qo and Qo ■ The fermionic zero modes can also interpolate between two h.w. states at 
the same footing (two primary states or two singular vectors). 


Chiral topological states \x)°' Q 

Qo\xf' Q = 0. 


are states annihilated by both Go and Qo, be. Qo|y) 


G,Q 


G G 

Go-closed topological states |y) denote non-chiral states annihilated by Go, be. Go\x) — 
0 . 


Qo-closed topological states |y) Q denote non-chiral states annihilated by Qo, be. Qo\x) G = 
0 (they are BRST-invariant since Qo is the BRST charge). 


Go-exact topological states are Q 0 -closed or chiral states that can be expressed as the 
action of Go on another state: |y) = Go\x)- 


Q 0 -exact topological states are Q 0 -closed or chiral states that can be expressed as the 
action of Q 0 on another state: |y) = Qo\x)- 

No-label topological states |y) denote states that cannot be expressed as linear combina¬ 
tions of Qo-dosed and Qo-closed states. 


The Verma module associated to a h.w. state consists of the h.w. state plus the set of 
secondary states built on it. For some Verma modules the h.w. state is degenerate, the 
fermionic zero modes interpolating between the two h.w. states. 

Null vectors are zero-norm states. 


Singular vectors are h.w. null vectors. 

Generic singular vectors are Qo-closed and Qo-closed singular vectors built on Q 0 -closed 
or Qo-closed primary states. 

Subsingular vectors are non-h.w. null vectors not descendants of any singular vectors, 
which become singular (i.e. h.w.) in the quotient of the Verma module by a submodule 
generated by singular vectors. 

Secondary singular vectors are singular vectors built on singular vectors. The level-zero 
secondary singular vectors cannot “come back” to the singular vectors on which they are 
built by acting with Go ° r Qo • 

The Topological N=2 superconformal algebra will be denoted as the Topological algebra. 
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The Antiperiodic N=2 superconformal algebra will be denoted as the NS algebra. 

The singular vectors of the Topological algebra will be denoted as topological singular 
vectors. 

The singular vectors of the NS algebra will be denoted as NS singular vectors. 


2 Singular Vectors of the Topological Algebra 


2.1 Basic Concepts 


The Topological algebra 


The algebra obtained by applying the topological 


twists on the NS algebra reads 19 


[Cm, C n ] 

(Tfl , 

[Tim, Ti n } = 

2 777/^777_|_77, Q 

[C m , Q n ] 

{in ? 

[Tim, Qn] = 

Qm-\-n 1 

[C m , Qn] 

TlQ m + n , 

[Ti m , Qn] = 

Qm+n 1 

[C m , Hn] 

= -nHm+n + §(ra 2 

T nT)8m+n,0 , 


{Qm, Qn} 

2 ^m+n 277/7Y777,-^ n “t - 3 ^O^m+n,0 5 


where C m and Ti m are the bosonic generators corresponding to the energy momentum 
tensor (Virasoro generators) and the topological U( 1) current respectively, while Q m 
and Q rn are the fermionic generators corresponding to the BRST current and the spin-2 
fermionic current respectively. The eigenvalues of Cq and Tio correspond to the conformal 
weight A and the U(l) charge h of the states. The “topological” central charge c is the 
central charge corresponding to the NS algebra. This algebra is topological because the 
Virasoro generators can be expressed as C m = \{Q m , Qo }, where Qo is the BRST charge. 
This implies, as is well known, that the correlators of the fields do not depend on the 
metric. 


Topological twists 

The two possible topological twists of the NS superconformal generators are: 


/’(!) 

gS) 


L m + \{m + 1 )H m , 


H n 



1 



G- , 
2 


( 2 . 2 ) 


4 




and 



(m + 1 )H m , 


Q$ = G + 1 . 

m m— 4 - 


(2.3) 


These twists, which we denote as T Wi and T w2 , are mirrored under the interchange 
H m <-► —H, m , Gfy <-► Gfy. Observe that the h.w. conditions Gfy 2 |xvs) = 0 of the NS 
algebra read f/ 0 |x) = 0 after the corresponding twists. Therefore, any h.w. state of the 


NS algebra results in a (/Q-closed or chiral state of the Topological algebra, which is also 


h.w. as the reader can easily verify by inspecting the twists (|2.2|) and (|2.3| ). Conversely, 
any Cfydosed or chiral h.w. topological state (and only these) transforms into a h.w. 
state of the NS algebra. 

Topological states 

From the anticommutator {Qo,Go} = 2 £ 0 ° ne deduces that a topological state (pri¬ 
mary or secondary) with non-zero conformal weight can be either ^-closed, or Qo-dosed, 
or a linear combination of both types. One deduces also that Qo-dosed (Cfydosed) 
topological states with non-zero conformal weight are Qo _exac t (t/o-exact) as well. The 
topological states with zero conformal weight, however, can be Qo-dosed (satisfying 
Qo^olx ) 0 = 0 ), or C/ 0 -closed (satisfying GoQo\x)° — 0 ), or chiral, or no-label (satisfying 
QoG 0 \x) = — GoQo\x))- Hence, since physical states in string theory are BRST cohomol¬ 
ogy classes^, only the topological states which are chiral, or < 2 0 ~dosed with zero conformal 
weight, may be physical (Qo-dosed but not < 2 o-e xa ct). 

Topological primaries 

Of special interest are the topological chiral primaries |0, h) G, fy annihilated by both 
Go and Q(). Since the conformal weight A of these primaries is zero the only quantum 
number carried by them is the 17(1) charge h: 77o|0, h) G,< 2 = h|0,h} G, fy Regarding the 
twists ( [2. 2D and Q2.3Q , a key observation is that (G^ 2 ,G ? I 1 ^ 2 ) results in (G^, ) and 

G+ 1/2 ) gives (Gq 2 \ Q{, 2) ). Therefore the topological chiral primaries |<Fd)) and |<F^ 2 1) 
correspond to the antichiral primaries [i.e. G'I 1 // 2 | < f )( H) = 0 ) and to the chiral primaries 
[i.e. |$7)) = 0) of the NS algebra, respectively. In our analysis we will consider 

also the topological primaries without additional constraints, i.e. either C? 0 -closed or Q 0 - 
closed primaries, denoted as |A, h) G and |A, h) Q , or no-label primaries, denoted as |0, h). 
We will not consider primaries | A, h) which can be expressed as linear combinations of 
Cfyclosed and Qo-dosed primaries. 


*The reader not familiar with this issue may benefit from reading section 3.2 of ref. pl|. 
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Topological secondaries 

As a first classification of the topological secondary states one considers their level 
/, their relative U(l) charge q and their transformation properties under Q 0 and Go 
(BRST-invariance properties). The level l and the relative charge q are defined as the 
difference between the conformal weight and U(l) charge of the secondary state and the 
conformal weight and U(l) charge of the primary state on which it is built. Hence the 
topological secondary states will be denoted as \x)f 1>C (^o-closed), \x)i 9 ^ (Qo-dosed), 
\x)i^ G ’Q (chiral), and {x}^ (no-label). For convenience we will also indicate the conformal 
weight A, the U(l) charge h, and the BRST-invariance properties of the primary state 
on which the secondary is built. Observe that the conformal weight and the total U(l) 
charge of the secondary states are given by A +1 and h + q, respectively. Thus the chiral 
and no-label secondary states satisfy A + l = 0. 

Chiral Verma modules 

The Verma modules V(|0, h) G,< ^), built on chiral primaries, will be denoted as chiral 
Verma modules. They are not complete because the chirality constraint is an additional 
constraint on the primary state not required by the algebra. 

Generic Verma modules 

The Verma modules V(|A, h) G ) and V(|A, h) Q ), built on t/ 0 -closed and Qo-closed 
primaries without additional constraints, will be denoted as generic Verma modules. 
They are complete in the sense that the constraints of being annihilated either by Go 
or by Qo are required by the algebra. Namely, any state | A, h) with A ^ 0 is either 
C/o-closed or Qo-dosed or a linear combination of both types. Furthermore for A ^ 0 
the h.w. state of any generic Verma module is degenerate, i.e. there are two primary 
states. The reason is that the action of Qo on |A, h) G produces another primary state: 
Qo|A, h) G = |A, h — 1) Q , and similarly the action of Go cm |A, h)^ produces another 
primary state: h)^ = |A, h + 1) G . Therefore, for A ^ 0 the Verma modules 

V(|A, h) G ) and V(|A, h)^), built on the primaries |A, h) G and |A, h)^, are equivalent to 
the Verma modules V(\ A, h — 1) Q ) and V(\ A, h + 1) G ), built on the primaries | A, h — 1)^ 
and |A, h + 1) G , respectively. For A = 0, however, Q 0 |0,h) G and Go\0, h)^ are not 
primary states but level-zero chiral singular vectors instead, denoted as |x)cqo h)<? and 
\ X )M« respectively, so that the h.w. states of the Verma modules V(|0, h) G ) and 
V(|0, h)^) are not degenerate. 

No-label Verma modules 

The Verma modules V(|0, h)), built on no-label primaries, will be denoted as no¬ 
label Verma modules. They are complete, obviously, since the no-label primaries are 
annihilated only by the positive modes of the generators of the algebra. 
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2.2 Typ es of topological singular vectors 


Let us discuss which types of topological secondary states can be singular, a given 
type being defined by the relative charge q, the BRST-invariance properties of the state 
itself, and the BRST-invariance properties of the primary on which it is built. 

First of all, we will consider only four different types of topological primaries: | A, h) G , 
|A,h}^ and |0, h) , without additional constraints, and |0, h) G,< ^ with the chirality con¬ 
straint. Therefore we will not consider primaries which are linear combinations of two or 
more of these types, neither primaries of these types with additional constraints (other 
than the chirality constraint) giving rise to incomplete Verma modules. 

As to the secondary states |x)[^ G , |x)?' )G,Q and |x)[^ (the latter two with 

zero conformal weight, i.e. satisfying A + l = 0), taking into account that there are 
four kinds of topological primaries to be considered, a naive estimate would give sixteen 
different types of them for every allowed value of the relative charge q, which in turn 
is determined by the level /. This is incorrect, however, because the chiral primaries 
|0,h) G ’« have no secondaries of types \x)\ q ' >G ’® and \x)\ 9 \ and the no-label primaries 
|0, h) have no secondaries of type \x)\ q \ and have a secondary of type |x)^ G,Q only for 
1 = 0, q = 0. Observe that there are no chiral secondary states in chiral Verma modules. 

Thus there are twelve different types of secondary states, with well defined BRST- 
invariance properties, for every non-zero allowed value of q, and thirteen types for q = 0 
(although the extra type only exists for level zero). However, only a few of these types 
admit singular vectors. The reason is that, when one imposes the h.w. conditions, the 
allowed values of q reduce drastically and, in addition, not all the twelve types do exist 
for a given non-zero allowed value of q, as we will see. 

The question now arises as whether any singular vector with non-zero conformal 
weight can be decomposed into a C/o-closed singular vector plus a Qo-closed singular 
vector. From the anticommutator {Qo,Go} = 2 £ 0 one obtains the decomposition 

lx)z = 9( A X + Jj GoQo\x)i + 2 ^ A X + ly QoGo\x)i = lx)? + lx)? • (2.4) 

If lx); is a singular vector, i.e. satisfies the h.w. conditions £„>, |x) = 7f„>i|x) = 
Gn> i |x) = Qn> i |x) = 0 5 then GoQq\x)i an d QoGo\x)i satisfy the h.w. conditions too, as 
one deduces straightforwardly using the Topological algebra (| 2 . 1 |). Therefore, regarding 
singular vectors with non-zero conformal weight, we can restrict ourselves to £?o _c l° se d 
and to Qo-closed singular vectors. 

We have not found a rigorous method so far to deduce which types of singular vec¬ 
tors do exist. We have identified an algebraic mechanism, however, which is a key fact 


7 




underlying whether or not a given type of topological secondary state admits singular 
vectors. This mechanism, which we denote “the cascade effect”, consists of the vanishing 
in cascade of the coefficients of the “would-be” singular vector when the h.w. conditions 
are imposed, alone or in combination with the BRST and/or anti-BRST-invariance con¬ 
ditions <2 0 |x) = 0 and/or Q 0 |y) = 0. As is explained in Appendix A, the starting of 
the cascade effect, which occurs in most of the possible types, is very easy to determine. 
Once it starts, the cascade effect goes on until the end, getting rid of all the coefficients 
of the would-be singular vectors. As a result the types of secondary states for which the 
cascade effect takes place do not admit singular vectors. The rigorous proofs of these 
statements will be presented in a forthcoming paper |22 . 


The cascade effect takes place in all cases for \q\ > 2, and also for \q\ = 2 in chiral 
Verma modules. The types of singular vectors allowed by the cascade effect are: 


Four types built on chiral primaries 10, 



q = -1 

q = 0 

q = i 

Qo 

-closed 


wr 

wr 

Qo 

-closed 

lx)!' 110 

\x) i r 

— 


- Ten types built on Q 0 -closed primaries |A, h) G : 



q = - 2 

q = -1 

q = 0 

q = i 

Qo-closed 



wr 

lx), (1)G 

Qo-closed 

\xt 2)Q 


lx>! ow 

— 

chiral 

— 

w!- 1,c ' e 

wr" 

— 

no-label 

— 

lx)! 1} 

lx), 1 ”' 

— 


- Ten types built on Q 0 -closed primaries |A, h)^: 



q = -1 

q — 0 

q = i 

q = 2 

Qo-closed 


lx), 10,0 

ix)! 1,G 

ix>! 2,G 

Qo- C l ose d 

lx>, ( - 1)e 

lx)! 0)0 

ix)! iw 

— 

chiral 

— 

ix)! 0)G '° 

ix)! 1)G '° 

— 

no-label 

— 

ix)! 0) 

lx>, (1) 

— 


- Nine types built on no-label primaries 10, h): 


(2.5) 


( 2 . 6 ) 


(2.7) 
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( 2 . 8 ) 



q = - 2 

q = -1 

q — 0 

q — 1 q = 2 

Qo-closed 


W!- ,G 

Mi 0, ° 

i*>r ix>r 

Qo-closed 

\xt 2)Q 

w !' 110 

w ! 0)0 

lx)! 1)s - 

chiral 

— 

— 


— — 


The chiral and no-label singular vectors satisfy A + l — 0. Observe that the chiral type 
on no-label primaries only exists for level zero. It is given by x)o°gf = SoQo| 0 ,h). 

The cascade effect allows therefore four different types of singular vectors in chiral 
Verma modules and twenty-nine different types in complete Verma modules. It turns 
out that all these types of singular vectors exist at low levels, as we will see, in spite 
of the fact that the cascade effect provides a necessary, but not sufficent, condition for 
their existence. In fact all these types can be constructed at level 1, except the type that 
only exists at level zero. In addition, the generic and the chiral singular vectors must 
necessarily exist, as we will explain. 


An important observation is that some types of topological singular vectors admit 
two-dimensional spaces (see section 6 ). That is, in some Verma modules one finds two 
linearly independent singular vectors of the same type at the same level. In those cases 
our notation does not distinguish betwen the two singular vectors and an additional label 
is necessary. The rigorous analysis of this issue is beyond the scope of this paper and 
will be performed in a next publication |]22 . 


Generic singular vectors 

There are twelve types of generic singular vectors, i.e. C/o-closed and Qo-closed sin¬ 
gular vectors in generic Verma modules, as can be seen in tables (T 6 ) and (13). These 
singular vectors are directly related to the singular vectors of the NS algebra, via the 
topological twists and the mappings that we will analyze in next section and in sec¬ 
tion 5. Namely, four of the generic singular vectors |x)j ( ^h>Q» Ix^Ia?) 0 ’ 

lx) can be mapped to the uncharged NS singular vectors, whereas the remaining 

eight types (|x)^^ >G , |x), ( ^h>o> l*)[|iV’ lx>$?h>«’ lx)[|£h>Q> 

lx) « G h)Q ) can be mapped to the charged NS singular vectors. This argument shows that 

the generic types of topological singular vectors must necessarily exist. 


Chiral singular vectors 

An important observation is that chiral singular vectors can be regarded as 

particular cases of t/ 0 -closed singular vectors |x); G and also as particular cases of Qo- 
closed singular vectors |x)| 9 ^ • That is, some ^-closed and Qo-closed singular vectors 
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may “become” chiral (although not necessarily) when the conformal weight of the singular 
vector turns out to be zero, i.e. A + l = 0. Notice, however, that there are singular vectors 
of several types, for example Ix^Ah) 0 ’ that cann °t “become” chiral since the cascade 
effect prevents the existence of chiral singular vectors of the corresponding types, for 
example Ix^aT^g- Observe also that there are no chiral singular vectors in chiral Verma 
modules. The chiral singular vectors are related to the singular vectors of the NS algebra, 
via the untwistings and the mappings, like the generic singular vectors. 

Equivalent types of singular vectors 

It happens that not all the types of singular vectors shown in tables ( |2.6| ) and (0) are 
inequivalent since, for A / 0, the primaries of types | A, h) G and | A, h)^ can be mapped 
into each other inside the same Verma module, as we explained, producing a modification 
of ±1 in the U(l) charges h and q of the singular vectors, so that the total U(l) charge 
remains the same. For example, the singular vectors |x)/^Ah) G are equivalent (for A^O) 
to the singular vectors if we express | A, h) G = Go 1A, h — 1)®. Furthermore 

it turns out that some of these types of singular vectors only exist for A ^ 0. Namely all 
four types of no-label singular vectors in generic Verma modules, and the uncharged chiral 
singular vectors X^'a'ivc an d X^'a'iFq- As a result, the four types of no-label singular 
vectors reduce to two inequivalent types, and the uncharged chiral singular vectors can 
be expressed as charged chiral singular vectors Ix^Ah’luQ an d I^)z7a^+i) g respectively. 
The latter do exist for A = 0, however. 

An important observation is that certain spectral flow mappings distinguish between 
some types of singular vectors and the equivalent types. Therefore, for practical purposes 
the pairs of equivalent singular vectors must be taken into account separately (this issue 
will be discussed in next section and in section 5). 

3 Mappings between Topological Singular Vectors 


Inside a given Verma module V(A, h) and for a given level l the topological singular 
vectors are connected by the action of Qo and Go in the following way: 

e 0 |x>h )o - lx)F lw . SoMh 0 - WF 1 ’ 0 (3-1) 

CoMh - lx)F 1W . SoMh - lx), (,+1) ° (3.2) 

These arrows can be reversed (up to constants), using Go an d Qo respectively, only if the 
conformal weight of the singular vectors is different from zero, i.e. A +1 ^ 0. Otherwise, 
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on the right-hand side of the arrows one obtains secondary singular vectors which cannot 
“come back” to the singular vectors on the left-hand side and are at level zero with 
respect to these. In particular this always happens to no-label singular vectors \x)[ Q \ i n 
the second row, since they always satisfy A +1 = 0, while this never happens to singular 
vectors in chiral Verrna modules, for which 0 + l >0. 


Hence Go and Qo interpolate between two singular vectors with non-zero conformal 
weight, in both directions, whereas they produce secondary singular vectors when acting 
on singular vectors with zero conformal weight. 


In what follows we will discuss the action of the spectral flow transformations which 
map topological singular vectors back to topological singular vectors, interpolating be¬ 
tween different Verma modules. A very detailed analysis of the spectral flows has been 
made recently in ref. Jl9|, from which we borrow the notation and some of the results. 


The universal odd spectral flow A 

The universal odd spectral flow automorphism A\, denoted simply as A, transforms 
all kinds of primary states and singular vectors back into primary states and singular 
vectors, mapping chiral states to chiral states. It is given by BiH 


A C. m A 1 

Vfl}~im t 

AHmA- 1 

T~^rn 3^m,0 

A Qm A 1 

Qm 5 

A Gm A 1 

= Qm • 


(3.3) 


with A = A. It transforms the (C 0 , Hq) eigenvalues (A, h) of the states as (A, — h — |), 
reversing the relative charge of the secondary states and leaving the level invariant, as a 
consequence. In addition, A also reverses the BRST-invariance properties of the states 
(primary as well as secondary) mapping £? 0 -closed (Q 0 -closed) states into Qo-closed ( Go- 
closed ) states, and chiral states into chiral states. 


For chiral Verma modules the action of A results therefore in the mappings 
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Mx) 


(q)Q 
l, h 


\x)ti G c 


Mx) 


(9)G 


lx)i 


(~q)Q 


h—§ 


(3.4) 


where h and —h — | denote the chiral primaries 10, h) G,< ^ and 10, — h — |) G ’^, respectively. 
Observe that these two mappings are each other’s inverse. 

For complete Verma modules the action of A results in the mappings: 


-4 |x) 


(q)G 

l, |A, h) G 


I v'\ (_9)Q 
IX/Z,|A,-h-§) < 3 ’ 


A\x) 


(q)Q 

l, | A, h) G 


A/Z, |Ah—§>Q’ 
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Aq)G,Q 




A\x) 


(?)G 

MO,h) 


I Y \ (-9)^,0 
IX/i, |_i,_h—§>Q ’ 

I \(-g)G 
Mi, Io,-h-S> ’ 


lx)[ 9 | ) _ i ,h>G -»■ 1^)/, |-i,-h-i)Q 


(- 9 ) 


-4|y wo 


|o,h> 


I v\ ( “ 9)G 
Mi,|0,-h-£)> 


(3.5) 


and their inverses. 


The universal even-odd, spectral flow d±\ 

As was explained in refs. [U|, [[HJ the action of the even-odd spectral flow operators 
d ±i on the Topological algebra is identical to the action of A, except for the fact that d±\ 
connect the two sets of topological generators corresponding to the two different twists 
of the NS generators, given by (|2.2|) and (|2.3|), i.e. 


Ml H<£up 

MjSg'Mf 1 

M, gs>up 


— r(l) — 

f - / m lj/ L m ) 

= -U (1) - -5 n 

7 L m 3 ”771,0 7 

= U (1) 

= Q (1) 


(3,6) 


with U\ 1 = W_i. One can see this also using the composition rules of the spectral flows 
TiJ. One finds d\ = AAo, d_ 1 = AqA, where Ao is the operator that interchanges the 


labels (1) (2) corresponding to the two sets of topological generators. 


The even spectral flow d± 1 

The topological even spectral flow dg is not universal for any value of 6. In particular 
it does not map chiral primary states back to chiral primary states. However, for 6 = 1 it 
maps h.w. states annihilated by Go into h.w. states annihilated by Qo, and the other way 
around for 9 — — 1. As a result d\ transforms the singular vectors of types |x)^ G g and 
into singular vectors of types \x)[ Q \^q and (both), while mapping all 

other types of singular vectors to various kinds of states which are not singular vectors. 
The topological even spectral flowf] is given by [Q |19 


Uo C m d e 1 

UeUmUfl 1 

do GmU e 1 

do Q m d g 1 

and satisfies dfl 1 = d(-g)- It transforms the (Co, Ho) eigenvalues (A, h) of the primary 
states as (A — 9h + |(0 2 — 6), h — 1 6), and the level of the secondary states as l —> l — 9q, 
letting invariant the relative charge q. Under d\ a £?o-closed, or chiral, singular vector at 

^This spectral flow was written for the first time in ^3|, although only in jl9| it has been analyzed 
properly. 


Cm + 9H m + §(0 + 0 2 )dm.,0 , 

H m + 196 

m ,0 i 

Gm+S , 


(3.7) 


— Qm—O j 


12 


















level / with relative charge q, built on a primary of type | A, h) G , is transformed into a 
Qo-closed singular vector at level / — q with relative charge q , built on a primary of type 
| A — h, h — |)®. This <2o _c l° se d singular vector may “become” chiral if A — h = q — l, 
and is certainly chiral if the t/o-dosed singular vector was annihilated by Q-\. Therefore 
there are four possibilities: 


lx) 


(?)G 
l, |A, h) G 


Ui 


I \(?)Q 

IX/;_qr > |A—h, h-|)Q ’ 


lx) 


0 q)G,Q 
l, \-l, h) G 


Zh 


* lx) 


(q)Q 

l—q, |—Z—h, h — 


(3.8) 


lx) 


(q)G 
i, |A,h>° 


Wi 


lx) 


(q)G,Q 

l-q,\q-l,h-%)Q > 


lx) 


(0 )G,Q 

l,H, 0 > G 


Ui 


■> lx) 


(0 )G,Q 

l, H,-§} Q ' 


(3.9) 


We see that chiral singular vectors are transformed, in most cases, into non-chiral 
singular vectors (although annihilated by Q-i, as the reader can easily verify). The 
mapping to another chiral singular vector only occurs under very restricted conditions:^ 
q = 0, h = 0, and the requirement that the singular vector is annihilated by Q-\. The 
resulting chiral singular vector, in turn, is annihilated by Q-\. 

These are the only types of singular vectors transformed under U\ into singular vec¬ 
tors, and the other way around using the inverse lA-\. The chiral primaries 10, h) G,< 2 are 
transformed under U\ (or U-f) into non-chiral primaries annihilated by Q-\ (or Q-i). 
Primaries with such constraints, which generate incomplete Verma modules, are beyond 
the scope of this paper. 

Observe that U±\ distinguish between the different types of singular vectors dras¬ 
tically. Regarding the pairs of equivalent singular vectors for A / 0, lx)/| A h) G an d 

Ix)[ja?1v- 1)0 on tlie one si de, and lx)i ( jA,h )Q and lx); 9 | A !hVi) G on tlie otlier si de, and 
IA- 1 , respectively, transform only one member of the pair into a singular vector. The 
situation is more involved for the pairs of equivalent singular vectors which are chiral. 
Namely, U\ transforms the chiral singular vector x)f J p^ !< h\c info a singular vector of type 
|x>®S_ h h-£>« w hde ^-i transforms the equivalent singular vector Ix)/'^/^ -\)Q i n t° a 
singular vector of type |_ i+h _ 1+ c h_ 1+ c^ G , and similarly with the pair of equivalent 

chiral singular vectors and |X)h+ i>g• 

Other spectral flow transformations 

The topological odd spectral flow Aq transforms certain types of singular vectors 
back into singular vectors for 9 = 0 and 6 = 2, in addition to 0 — 1 which corresponds to 
the universal mapping: A\ = A. However, the action of Ao and A 2 is already included 
in the composition of A with ll±\. Namely, Ao = A U\ and A 2 = U\A. 

iThere are no chiral singular vectors of types Ix^^’jpG anc ^ lx);~|A < h>«‘ 
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Similarly, the even-odd spectral flow transformations U 0 and W± 2 [19 map some types 


of topological singular vectors to singular vectors, but their action is identical to the action 
of .Ao an d A 2 , although interchaging the labels (1) <->• (2) of the two sets of topological 
generators: Uq = A0A0, U2 = .A2-4o and U-2 = .Ao.4.2, where Aq is the label-exchange 
operator. 

Finally, the odd-even spectral flow transformations A±\ |19| act like U±\ but inter¬ 
changing the labels (1) (2) since A± 1 = U±iA$. 


4 


Families of Topological Singular Vectors in Chiral 
Verma Modules 


4.1 Family Structure 


Now let us apply the results of sections 2 and 3 to analyze the family structure of 
the topological singular vectors in chiral Verma modules, i.e. built on chiral primaries 
|0, h) G,< ^. We found that in chiral Verma modules the cascade effect allows only four 
types of topological singular vectors: |x/°' )G , |x)^ Q , |x)^ G and [x)^ -1 ^. These four 
types of singular vectors have been constructed at low levels (see subsection 4.4). They 
are connected to each other by the action of <2 0 > Go and A, at the same level l, in the 
way shown by the diagram: 


ivr - 

So 

■ Mh i)0 

-4 1 


I -4 


(4.1) 


lx) 


(0)Q 


Go 

- > 


lx) 


(1)G 


ffence the topological singular vectors built on chiral primaries 10, h) G ’® come in 
families of four: one of each kind at the same level. Two of them, one charged and one 
uncharged, belong to the chiral Verma module F(|0, h) G,< ^), whereas the other pair belong 
to a different chiral Verma module V(|0, — h — |) G,( ^). This implies that it is sufficient 
to compute only one of these four singular vectors from scratch, the other three being 
generated by the action of Go, Qo and A. For h = — | the two chiral Verma modules 
related by A coincide. Therefore, if there are singular vectors for this value of h (see next 
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subsection), they must come four by four in the same chiral Verma module: one of each 
kind at the same level. 


As was explained in section 3, the action of U±\ ( |3.6|) , which is the composition of 
A with Aq , is identical to the action of A (fh3[) except that it distinguishes (and inter¬ 
changes) the topological generators of the two twisted theories, i. e. it exchanges the labels 
(1) and (2). Tims one can substitute A by U\ or U^i in diagram (|4.1|). This amounts 
to differentiate the upper part and the lower part of the diagram as corresponding to 
topological singular vectors and generators labelled by (1) or by (2), respectively. For 
example 


(o )G 

h 


lx (1) >! 

Ui T 


e, 


(i) 


lx (1) >, ( - iw 


'l, h 


T Ui 


lx {2) > 


(0 )Q 
l, — h—? 


G K ' 


( 2 ) 


ix (2) >!A- 


(4.2) 


(one can reverse the arrows U\ using U-\). Therefore, the topological singular vectors in 
chiral Verma modules come actually in families of four plus four vectors, four of them 
labelled by (1) and the other four identical vectors labelled by (2), the two sets being 
connected through the action of U±\. From the point of view of the Topological algebra 


( |2.1| ) the two sets of singular vectors and generators look identical, so that one can 
consider a unique set of four singular vectors, as we did before. However, the topological 
generators (1) and (2) are different with respect to the generators of the NS algebra. As 
a consequence diagrams O and ( |4~2| ) give different results under the (un)twistings T W1 
(ED and T W2 Q. 

Regarding the untwisting of these topological singular vectors, the C? 0 -closed singular 
vectors in chiral Verma modules are transformed into singular vectors of the NS algebra, 
with the same U(l) charge and built on antichiral primaries under Tyyi ( |2,2| ) , and with 
the reverse U(l) charge and built on chiral primaries under Tw 2 ( P-3|) (whereas the Qo- 
closed singular vectors are transformed into states which are not NS singular vectors). 
As a consequence, the fact that the four types of singular vectors in diagram (|4.1|) are the 
only existing ones in chiral Verma modules, implies [24] that the singular vectors of the 
NS algebra built on chiral primaries have only relative charges q = 0 or q = — 1, while 
those built on antichiral primaries have q — 0 or q — 1. 


Finally, let us point out a result for the NS algebra which is easier to obtain from the 
Topological algebra. It is the fact that there are no chiral NS singular vectors in chiral 
Verma modules neither antichiral NS singular vectors in antichiral Verma modules. To 
see this one only needs to “untwist” the fact that there are no chiral topological singular 
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vectors in chiral topological Verma modules. 


4.2 Spectrum of h 


Let us discuss now the spectrum of U(l) charges h corresponding to the topological 
chiral primaries |0, h) G,< ^ which contain singular vectors in their Verma modules. This 
spectrum follows directly from the spectrum corresponding to the singular vectors of 
the NS algebra on antichiral Verma modules. Namely, the £7 0 -closed topological singular 
vectors on chiral topological primaries become NS singular vectors on antichiral primaries 
with the same U(l) charge, under TV 1 (|2.2|) . 


Hence the spectrum of U(l) charges h corresponding to the topological chiral Verma 
modules which contain t/ 0 _c l° se d singular vectors is identical to the spectrum of U(l) 
charges h corresponding to the antichiral Verma modules of the NS algebra which contain 
singular vectors. This spectrum has been conjectured in |24|] by analyzing the roots of 
the determinant formula for the NS algebra in a rather non-trivial way (because the 
determinant formula does not apply directly to chiral or antichiral Verma modules, but 
only to complete Verma modules). 


The results are as follows. A topological chiral primary with U(l) charge given by 


= + reZ+ ’ sG2Z+ (4-3) 

o 2 

has one singular vector of type |x) ( '°' )G , and one singular vector of type at level 

Y in its Verma module (and possibly more singular vectors at higher levels) . Similarly, 
a topological chiral primary with U(l) charge given by 


h S = - !) + | - 1 , 


r e Z + , s e 2 Z h 


(4.4) 


has one singular vector of type |x)^ G , and one singular vector of type at level 


m 


its Verma module^ (and possibly more singular vectors at higher levels). 


These expressions have been checked until level 4 by explicit construction of the singu¬ 
lar vectors and by computing the chiral determinant formulae [^4] . Observe that between 
both expressions there exists the spectral flow relation = — h® — | . Therefore the 
two expressions coincide for the special case = h® = — | . The solutions to this give 
discrete values of c < 3. Namely 


§ The spectrum (14) for the uncharged Qo-closed topological singular vectors |x)^°^ was also written 
down in [|l6| just by fitting the known data (until level 4), without any derivation or further analysis. 
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c = 


re Z + , se 2Z 


(4.5) 


3(r — s + 1) 
r 

For example, for s = 2 the solutions corresponding to r = 1, 2, 3 are c = 0, 3/2, 2 
respectively. Therefore for the discrete values (|4.5| ) the topological chiral Verma modules 
with h = — | have four singular vectors, one of each type, at the same level l — y. 

4.3 Subsingular vectors 


in ref, 


Subsingular vectors of the N=2 Superconformal algebras have been recently discovered 

a 


For the case of the Topological algebra we have found that most of the 


singular vectors given by the spectrum Q4.4|) , are subsingular vectors in the complete 
Verma modules V(|0, h) G ) and most of the singular vectors given by the spectrum (|4.3|) , 
are subsingular vectors in the complete Verma modules V(|0, h)^). The argument goes 
as follows (all the statements about spectra in complete Verma modules can be checked 
in subsection 5.2). 

The spectrum h/j (fj~4p, corresponding to singular vectors of types |x)^ G and |x)[ 0 ^ 
in chiral Verma modules, is the “fusion” of two different spectra, and h r s , given by 


h k = ~ ^ ’ ^ rs = ~ ^ + f ' ( 4 - 6 ) 

The spectrum corresponds to h/j for s = 2: h*, = hj ,' 2 , with the level of the 
singular vector given by l — k. It coincides with the spectrum of singular vectors of 
types |x>S £) 0 and |x)!j^ h)G in the complete Verma modules V(|0,h) G ). The spectrum 
h r s , on the other hand, gives h('] for s > 2 in the way: h r , s -2 = h|, l ] >2 , where the 
level of the singular vector is given by l = rs/2. It turns out that h riS corresponds to 
half the spectrum of singular vectors of types and y)[ in the complete 

Verma modules V(|0,h) G ) (the other half being given by ( |4.3|) ), with the level given 
by l = rs/2. Therefore h rjS _2 = h ,,, l ] >2 corresponds either to singular vectors of types 
lx)} 1 )" and |x)|°^ in chiral Verma modules V(|0,h) G ’®), at level l = rs/2, or to singular 
vectors of types |x)[/°j G h )G and |x)j/”)oh) G in complete Verma modules V(|0, h) G ) at level 
l' — r(s — 2)/2. 

It happens, at least at levels 2 and 3, that the latter singular vectors vanish, while 
the former ones appear from secondaries which become singular, once one imposes the 
chirality condition Q 0 10 , h) G = 0 on the primary 10 , h) , turning it into the chiral primary 
| 0 , h) G ’ ( 5. But Qo|0,h) G is a singular vector so that the chirality condition is equivalent 
to take the quotient of the complete Verma module V(|0,h) G ) by this singular vector. 
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Those secondaries are therefore subsingular vectors |28|, since they are singular only in 
the chiral Verma module, that is, in the quotient of the Verma module V(|0, h) G ) by the 
submodule generated by the singular vector Q 0 | 0 , h) G . 

Hence the singular vectors of types |y)[ dG and |y)[ 0 ^ in chiral Verma modules are 
subsingular vectors in the complete Verma modules V(|0, h) G ), for the values h^ 1 j >2 . The 
subsingular vectors are null and, however, are located outside the (incomplete) Verma 
modules built on top of the singular vectors. 


Similarly, the spectrum h(°] (|4.3|), corresponding to singular vectors of types |y)f^ G 
and in chiral Verma modules, is the fusion of two different spectra: hj °2 which 

corresponds to singular vectors of types Ix^q'mq and |y)[ iq^q, and h |.°] >2 which, together 
with h-b, corresponds to singular vectors of types Ix^o^q and lx)S,|o G h> Q, all these vectors 
in the complete Verma modules V(|0, h)^). Therefore, the singular vectors of types 
\x)f ]}G an d |X)!“ 1)Q in chiral Verma modules are subsingular vectors in the complete 
Verma modules V(|0, h)^) for the values h|.°j >2 ; that is, they are not singular vectors in 
V(|0,h)®) but they are singular vectors in the quotient of V(|0,h) Q ) by the submodule 
generated by the singular vector Q 0 10 , h) Q . 


These results we have checked at levels 2 and 3 and we conjecture that they hold at 
any level. In the next subsection we show the families of singular vectors in chiral Verma 
modules until level 3 and we identify the subsingular vectors contained in them. 


4.4 Families at Levels 1, 2 and 3 


Let us write down the complete families of topological singular vectors in chiral Verma 
modules until level 3. Some of these vectors have been published before: |y ) 2 ^ and 
|x) 3 °^ were written in |l4j and |U| respectively, while the complete family at level 2 was 
given in |H| . The fact that most of these singular vectors are subsingular vectors in the 


complete Verma modules V(|0, h) G ) or V(|0, h)^) was not realized, however. 

The families of topological singular vectors in chiral Verma modules are the following. 
At level 1 : 


Wi 0)G = (£-i + «-i)|o, lx)S 0)o = £_i|o, o> G -«, 


(4.7) 


lx)f 1)0 = 2-i|0,-|> G y |x)S 1)G = 5-i| 0.0) g ’« 


(4.8) 


At level 2: 
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{6/1—2 + (y.C?_ i + r7Y— i£_i + + 7^-2 + ^2-i2—1)|0, h) G,G 


( 4 . 9 ) 


lx) 


(0)G 

2 


h = 


1 —c 
2 

_ c +3 

3 


) 



(4.10) 


lx)? 10 = (C-2 + aC\ 4- TH-iC-i + irC_i5_i)|0, h) G ’« (4.11) 


h = 


c —3 
6 

1 


i 


a = 


6 

c —3 
c —3 ’ 
6 



( 4 . 12 ) 


\x)P G = (G-2 + <x£-iG-i + rH- 



Ix)2 ^ ^ — (2-2 + a£-i 2 -i + ( 37 / 



2 -i)| 0 ,h) G ^ ( 4 . 13 ) 

r = | ^ ( 4 . 14 ) 

xQ-OlO,^^ ( 4 . 15 ) 

«= I g < 41 6) 


At level 3: 


Ix)3 ^ — {ot/l^-i + 6C-2C-1 + f 3 T~L -3 + 'y'H-2/l-i + 5£_3 + 

(/}/,—\d —2 iih(^_i/l —1 + uT/.—ijC'/i + kH.—\YL—2 + p7/?_\ + 

( 1 Q- 2 G -1 + eQ_iU _2 + fC-iQ-iG-i + (?7Y-i2_i2-i)|0, h) G,G 
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h 

5 


3—2c 
3 

_ c+6 

3 



9 


15—2c 
c—3 
_ 1 
2 


P 


3 — c 

c 2 +12c+27 
6(3—c) 


(c-6) 2 
3(3—c) 

_ 1 

2 


7 = 


5c—12 
3—c 

c 2 +6c—3 
4(3—c) 


e 


33—4c 
c—3 
_ 1 
2 




33 


' -l 


1 15—c 


4 = < 

3-c 

c 2 +6c—3 1 

l 4(3—c) 

a = < 

-A- ’ 

L 3-c 

e = < 

2 c—3 

U ’ 

H 


-9 

c a +12c+27 
4(3—c) 



f JA 


f 9 


p = < 

3-c 

c 2 +12c+27 ’ 
l 12(3—c) 

/= < 

2(3—c) 

-1 ’ 

H 
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2(3—c) 
3c+15 
4(3—c) 


(4.17) 


^ — (pi£?_ 1 — 2 £_ 2 £-i + 7H- 2 £-i + + 2e?i-iC-2 + 

+ 2 / 77 _i£l 1 + aQ_ 2 ^_i + eQ_i </_ 2 + + c/ 74 _iQ_il/_i)| 0 , h) G,< ^ 


h = 






a = 


1 15—c 

2 3-c 
_ 1 

2 



7 = 

/ = 


c 

f — - 

c—3 

1 c+9 ’ 

5 = i 3 

| 9+c 

2 c—3 

( 3-c 

1 9 

{ -A- 

2 c—3 

n _ ) 3—c 

3 ’ 

9- ) 6 

4 

l 3-c 


(4.18) 


|x)!i ^ — (d-Cli^-i + ft£'—\Q—2 + e-^-2^-1 + + ^^-3 + 


eH_i^_ 2 + fn^c^g^ + ^ 2 _^_i)|o,h) G ^ 


h = 



5 


e 


c—6 
2(3—c) 

_ 1 

4 


e = 


1 

6 

c—3 


a = 


7 = 

/ 


2(3—c) 

3—c ’ 

24 


1 2(3—c) 

(-! 

c 

1 

r c c—6 

2(c—3) 
c+9 ’ 

9 = 

1 6 3-c 

I 27—c 

4(c—3) 

' 

l 4(3—c) 

{ 9 


( 3 

J 2(c—3) 

l! ’ 

9 = 

_ ) 3-c 

1 - A - 

1 3-c 


(4.19) 


Ix)3 ^^ — (<x£ 2 1Q-1 + gC-iQ-2 + e^- 2 Q-i + i'H- 2 Q-i 
+$Q-3 + eH-iQ-2 + /41-il2-iQ-i + (?77 2 xQ-i)^, h) G,< ^ 


20 



e = 


e = 


h = 


18—3c 

c—3 

_3 

2 


9c—18 

3—c 
9c+45 
2(3—c) 


3—2c 
3 

_ c+6 

3 


7 = 


/ = 


f 9 

( 3c 

a =\ sic 

> P= 3 7 

l 4 

l 2 

-9 

( c 2 —6c 

c 2 +12c+27 ’ 

0 = 81-3c 

4(3—c) 

l 2(3—c) 

45 

( 54 

3—c 
c+6 ’ 

n - J 3—c 
y \ c 2 +12c+27 

2 

l 4(3—c) 


(4.20) 


At level 1 there are no subsingular vectors because (r, s) = ( 1 , 2 ), i.e. the only possible 
value of s is 2 . At level 2 the singular vectors lx)), 1 * 6 ' and for h G ] = 1 , are 

subsingular in the complete Verma module V(|0,1) G ). That is, Ix^opo and Ix) 2 °| 0 Q 1 )G 
given by 


lx) 


(1)G 

2,10,1)0 


(9-2 + - H- i 6 ?_i)| 0 , 1 ) G 

o 


(4.21) 


and 


Ia)2°|^i)g — (£-2 H-g—£-i ~ H-iC-i - -Q_i£/_i)|0,1) G (4.22) 

are subsingular vectors (the hat denotes that they are not h.w. vectors while Q de¬ 
notes that the vector is not Q 0 -closed anymore). The positive mode Q\ brings Ix^opG 
“down” to the singular vector Ix^o^g = £-iQo|0,l) G (for c^9 since Qilx^gpG = 
( 9 )j C) Q —\Qo | 0 ; 1 ) G ), which is a secondary singular vector built on the level-zero singular 
vector Ix^iopG 3 = Qo|0, 1) G . Similarly, the positive modes C\ and Hi bring Ix^oing 
down to the singular vector Ix^opG- From this one it is not possible to reach the subsin¬ 
gular vectors acting with the negative modes, however. That is, the subsingular vectors 
sit outside the (incomplete) Verma modules built on top of the singular vectors Ix^opG 
and |x)q |o G c?- This is shown in Figure [L|. 

Similarly, the singular vectors Ix )^ 0 and |x)s> f° r hi°i = — are subsingular in 
the complete Verma module V(|0, — ^4+ + . Both of them descend to the singular vector 
1 x) i| o c +3 \o = Q- +o| 0 , — ^±4)Q, f or c ^ 9, which is a secondary singular vector built on 

the level-zero singular vector lx)= £o|0, - £ ^) Q . 

At level 3 the singular vectors Ix )^ 6 and x) 3 °^: f° r h +6 = 2, are subsingular in 
the complete Verma module V(|0,2) G ) whereas the singular vectors Ix)^ 0 ^ and |x)a _1 ^) 
for hx °6 = — ^4^, are subsingular in the complete Verma module V(|0, — £± 6 )Q). these 
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cases the subsingular vectors do not descend to any secondary singular vectors but to 
the level-zero singular vectors Ix^ogy? = Qo|0,2) G and Ix)^!^)^ = £ 0 |0, - £ )p) Q , 
for c 7 ^ 9 as before. 




Figure 1: SI and S 2 represent the subsingular vectors in the complete Verma module 
V(|0,1 > G ), on the left, which become the singular vectors x)^ 6 ' an d Ix)^ 0 ^ i n the chiral 
Verma module V(|0,1 > G,Q ), on the right. V(|0,1 > G,Q ) is the quotient of V(|0,1 > G ) by 
the submodule generated by the level-zero singular vector Q 0 |0,1 > G . The subsingular 
vectors sit outside the (incomplete) Verma modules built on the singular vectors at levels 
zero and 1 , to which they descend. 


5 Families of Topological Singular Vectors in Com¬ 
plete Verma Modules 


5.1 Family Structure 
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Let us apply the results of sections 2 and 3 to derive the family structure of the 
singular vectors in complete Verma modules. One can expect a much richer structure 
than in the case of chiral Verma modules since, on the one hand, there are many more 
types of singular vectors, twenty-nine versus four, and, on the other, there is an additional 
spectral flow mapping, U ±\, which can extend the four-member subfamilies of singular 
vectors given by the actions of Go, Qo and A (two-member subfamilies rather if the 
singular vectors are chiral)^. The label-exchange operator Ao can be composed with A 
and U±i to produce the same transformations as these ones but connecting the two sets 
of topological generators and states labeled by (1) and (2). In the diagrams presented 
below we will not consider Ao , for simplicity, although this possibility must be taken into 
account, as we did in the case of chiral Verma modules in last section (diagram (|4.2|) ). 

Let us start with the generic Verma modules V(|A,h) G ) and V(|A,h) Q ). The types 
of singular vectors allowed by the cascade effect are twenty, as shown in tables ( |2.6|) and 
& twelve types of generic singular vectors (six £J 0 -closed and six Q 0 -closed), plus 
four types of chiral singular vectors, plus four types of no-label singular vectors. The 
twelve types of generic singular vectors and the four types of chiral singular vectors can 
be mapped to singular vectors of the NS algebra, as we will see. Therefore one can write 
down general construction formulae for them, using the construction formulae for the 
NS singular vectors [§] ||. The four types of no-label singular vectors, however, are not 
related to NS singular vectors. These twenty types of singular vectors exist already at 
level 1 (see Appendix B). 


First kind of generic families of topological singular vectors 


Let us analyze how the generic and chiral types of singular vectors are organized into 
families. The key fact is that using U±i one can extend a topological subfamily of four 
(or two) singular vectors given by the actions of Go, Qo and A, resulting in, at least, two 
subfamilies located in four different Verma modules, two each. These two subfamilies 
will be denoted as “the skeleton-family”. 


Let us start with an uncharged singular vector of type \x)\°\^g in the Verma module 
V(|A, h) G ). As diagram (5.1) shows, the members of its skeleton-family are, in the most 
general case, singular vectors of the types | x)1°\^g and I, in both the Verma 
modules V r (|A,h) G ) and V (\A — h, — h) G ), and singular vectors of the types 
and \ X )W Q , in both the Verma modules V(|A — h, h — c/3) Q ) and V(|A, — h — c/3) Q ). 


In the special case A = —l the conformal weight of the singular vectors in the 
lower subdiagram is zero, so that the corresponding arrows Q 0 , Go cannot be reversed, 
producing secondary chiral singular vectors |y)[ and bQj^A’^h-c/sV on ^ ie 

^We remind the reader that chiral singular vectors ie. annihilated by both do and Qo, 

do not exist in chiral Verma modules, they exist in generic Verma modules V(|A, h) G ) and V(|A, h) 1 ^) 
with l = —A, and at level zero also in no-label Verma modules V(|0, h)): |x)o7oh^ = Qo£o|0, h). 
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hand side, at level zero with respect to the singular vectors on the left-hand side. 

In the special case A — h — —l the conformal weight of the singular vectors in the 
upper subdiagram is zero so that one of the following two possibilities must happen: 

a) The singular vectors denoted by Ix^A-h-h) G and lx)/°|A-h h-c/3)<3 turn out to 
be chiral, i.e. of types Ix^A-h _h) G and l/Of^A-^h h-c/3)« inshead, so that the singular 
vectors |x)[jA? h ,-h) G and lx){ i 1 |A_ h ,h-c/ 3 )« are absent - 

b) The singular vectors |X)/°|^a'_ h -h) G and lx)/°|A-h h-c/ 3)<3 are n °t chiral, therefore 
the corresponding arrows Qq , Qq cannot be reversed producing secondary chiral singu¬ 
lar vectors |x)nA-h^-h) G and M/Va-^ h-c/3)0 a ^ ^ eve ^ zero wbb respect to the singular 
vectors on the left-hand side. 


Ui t 


|v\(° )G 

W/l,|A-h,-h> G 


So 

- > 


lx) 


i-m 

l, | A—h,—h) G 


At l A 


| \ (0) Q 

IX//, |A—h, h— 1)<3 


| \(i)G 

IX//,|A-h,h-f>Q 


u x T 


(5.1) 


| V \ (0)G 
1 301, | A, h) G 


Qo 

-> 


lx) 


(- 1)0 
l, |A,h) G 


At t A 


| \(°)Q 

IX//, |A,-h -§)<3 


Go 

- > 


(1 )G 


|X)/,| A 


-h-S>° 


The upper row and the lower row of diagram (|5T|) are connected by Ui, as indicated 
by the arrow on top, since ~U\AIA\A = I. It has therefore the topology of a circle. There 
are no arrows IA±\ coming in or out of the singular vectors on the right-hand side (unless 
they turn out to be chiral) because these types do not transform into singular vectors 
under U±\. In the most general case, however, it will be possible to go beyond this 
limitation and attach more subfamilies to the skeleton-family, as we will see. 

If we start with an uncharged chiral singular vector in the Verma module I/(|A, h) G ), 
with A = —l, then the skeleton-family is as in diagram ( |5.1|) but with the lower sub¬ 
diagram reduced to the couple of chiral singular vectors |x)/°S’h) G and lx)/°S’?h-c/ 3 ) < 3 ‘ 
In addition, if h = 0 the singular vectors in the upper subdiagram have zero conformal 
weight also, so that this subdiagram contains chiral singular vectors as well. 

The first kind of generic families contains therefore the four generic types of singular 
vectors |x)[Jj£ , |x)[J}q , |x)fjj? and |x){ $)g Q , and the four chiral types of singular vectors 
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as particular cases, all of them at the same level l. The untwisting of the singular vectors 
of types |x)|°>g and \x)\^g’ Q produces uncharged singular vectors of the NS algebra. 
As a result, all the singular vectors of the first kind of generic families can be mapped to 
uncharged NS singular vectors. 


Second kind of generic families of topological singular vectors 

Now let us take a charged singular vector of type | xf^^c in the Verma module 
V(|A, h) G ). As diagram (|5.2|) shows, the other members of its skeleton-family are, in 
the most general case, singular vectors of the types: | x)[°\^g in the same Verma mod¬ 
ule, qq and \x)^i :W q in the Verma module V(|A - h, h - c/3) Q ), | x)^q and 

I x)[°\^q in the Verma module V(|A, -h - c/3) Q ), and | X^Zi^g and |x)fI^ )G in the 
Verma module V(|A — h, — h) G ). For l = 1 the upper subdiagram reduces to a chiral 
couple at level zero (there are no level-zero singular vectors with |g| = 2). 


U, T 


lx) 


(-l)G 

l- 1, |A-h,-h) G 


^2 I y \ 1 

IX/z-1. |A-h,-h) G 


At l A 


\x) 


(i)Q 

I—1, | A—h, h— 


iy v( 2 )G 

IX//-i,|A-h,h-§) < 3 


Wi T 


(5.2) 


I Y \d)G _ Qo _ 

IX/i, |A,h) G 


I Xtl, (A, h) G 


A% t A 


\x) 


(-i)Q 

l, |A,-h- 


i v \ (0) g 

IX//,|A,-h-f)0 


We can repeat the same analysis as for the previous skeleton-family, for the particular 
cases A — —l and A — h = 1 — l. Now we have to take into account, however, that the 
cascade effect forbids chiral singular vectors of types | x) [0)0 ,<3 , I x)u,\q G ’^ , lx)j^j G ’ Q and 
\x)\f)Q G ’ ( ^ which otherwise could appear associated to the skeleton-family ( |5.2|) . 

The second kind of generic families contains therefore the remaining eight generic 
types of singular vectors: |x)fJjo , |x)[Jj a , |x)[J)G and \x)\^q Q , at level l, plus |x)^Jq , 
L\')| 0 }g G , |x)u)Q and |x)Lg^ at level l — 1, plus the four chiral types of singular vectors 
as particular cases. The untwisting of the singular vectors of types |x)[^g and |x)|^g G ’ Q 
produces charged singular vectors of the NS algebra. As a result, all the singular vectors 
of the second kind of generic families can be mapped to charged NS singular vectors. 
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Observe that the four types of chiral singular vectors can appear as particular cases, 
both in the first kind and in the second kind of generic families. They produce therefore 
the intersection of these two kinds of families, which in the absence of chiral singular 
vectors are completely disconnected from each other. 


Enlargements of the generic families 

When the conformal weight of the primary state \<f>) G or \<f) G is different from zero the 
highest weight of the Verma module is degenerate, so that one has the choice to express 
the primaries of type \<f>) G as | (f>) Q = Q 0 \(p) G (i.e. | A, h) Q = Q 0 |A, h + 1) G ), or the other 
way around using Q 0 . As a result, for A ^ 0 the singular vectors of types Ix^a^q 

and |x)|A < h)G can be expressed as singular vectors of types |x)[a h+i) 13 an d bt)|A + hm> ( 3’ 
respectively (observe that h — > h ± 1 and q —> q =|= 1), and the uncharged chiral singular 
vectors (for which A^O) can be expressed always as charged chiral singular vectors. 

This brings about important consequences because the spectral flow mappings U±i 
distinguish drastically between a given type of singular vector and the equivalent type. 
On the one hand, there are arrows U±\ coming in or out of the singular vectors of types 
|x)|^g and |y)|^Q while there are none for the singular vectors of types |x)[^q and |x)|^g- 
On the other hand, there are different arrows U±\ coming in or out of the uncharged chiral 
singular vectors and of their charged partners. 


Therefore if the conformal weights of the four Verma modules involved in diagrams 


(Q) and ( |5.2|) are different from zero, i.e. A ^ 0 and A ^ h, then one can express the 
corresponding singular vectors in the way shown in diagrams (|5.3|) and (|5.4|). In this 


case the first kind of skeleton-families can be viewed as those consisting of the uncharged 
singular vectors of the types |x)i°\g and |x>|Jjg , including the chiral ones |x)|°|g ,Q and 
|x)[^q as particular cases, while the second kind of skeleton-families can be viewed as 
those consisting of the charged singular vectors of the types |y)|^Q , |x)u,|g , |x)[Ag G 
and |x>^ , including the chiral ones |x)u}q’^ and |x)L)g G,< ^ as particular cases. 


Moreover, now one can attach arrows IA±\ to each of these singular vectors, and 
complete subfamilies with them, since they belong to the appropriate types. To be 
precise, using U ±i one can attach a subfamily of singular vectors, i.e. either a four- 
member “box” or a chiral couple, to every pair of singular vectors of types |x)|^}g and 
|X)LJ Q connected by A. These arrows IA± i, that we draw horizontally on the right of 
diagrams (|5.3|) and ( |5.4|) , do not return to the left of the diagrams, consequently, unlike 
in the case of the vertical upper-most arrows which return to the bottom of the diagrams. 


Observe that the chiral singular vectors produce the intersection of the two kinds 
of skeleton-families also because the uncharged chiral singular vectors are equivalent to 
charged chiral singular vectors. 
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Sequences of attachements 

Starting with the subfamily which contain the £J 0 -closed singular vector |x); |Ah) G 
one can distinguish two different sequences of attachements: the sequence starting as 
U\ | A, h) G —> | A — h, h — c/ 3) q , which will be denoted as sequence A, and the sequence 
starting as U\ | A, —h — c/3 + 1) G —> |A + h + c/3 — 1, —h — 2c/3 + 1) Q , which will be 
denoted as sequence B. 


Let us analyze in some detail sequences A and B, with the help of diagrams ( |5.1|) , 
(ED’ (ED and (|5.4|), focusing on the singular vectors of type |y)[^G- Sequence A starts 


forA 7 ^ h 


forA 7 ^ 0 


U x T 


|yA (0)G 

IX//,|A-h.-h) G 


Qo 

-» 


| \(°)Q 

IX/;, |A-h,-h-l)0 


A I l A 


\ v) (o)Q 
IX/;, | A—h, h— 


Go 

- > 


I \(0)G 

lw;,|A-h,h-§+i) G 




Ur T 


(5.3) 


lx) 


(0 )G 

l, | A, h) G 


Qo 

-> 


\(°)Q 

IX/i, |A,h-l)« 


A t t A 


U -1 


I y\ (0)Q 

IX/;, |A,-h-§)<3 


Go 

- > 


| \/\ (0)G 

IX/;,|A ,-h-f+l) G 



with the mapping Ur\x)^ h) a -> lx)[!. ) g Q |A-h,h-c /3 >Q (a chiral singular vector Ix^a.^g 
can also be taken instead). Then using A, Go and Q 0 one obtains a second subfamily 
attached to the former by U.\ (more precisely U±\ since we can invert the arrow). Next, 
one looks for further singular vectors of type |x)|^|g, hr the second subfamily, to which 
attach new arrows U\. The upper-most singular vector of this type does not lead to a 
new subfamily, but to the previous subfamily, because U\AU\A = I , as pointed out 
before. For this reason, if the second subfamily consists of a chiral couple this sequence 
is finished. If the second subfamily is a four-member “box”, like in the diagrams above, 
there are three different possibilities depending on whether the conformal weights A — h 
and A — h + l — q, of the primary states and the singular vectors, respectively, are zero 
or different from zero. If A — h 7 ^ 0 and A — h 7 - q — l, then the singular vector of type 
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Ui T 


forA 7^ h 


lx) 


(—1)G 

l- 1, |A-h,-h) G 


I y\ ( - 1)Q 

IX/i-i, |A-h,-h-l)<3 


A I I -4 


lx) 


( 1)0 

l-l, jA—h, h—I) 1 ? 


Go | \(1)G 

> lx)/-l J |A-h,h-f+l)G 


U -1 



Wi t 


forA 7^ 0 


kaWG _ 

IX/Z, |A,h><3 


lx) 


( 1)0 

l, |A,h—1)0 


At t A 



lx) 


(- 1)0 

I,|A,-h-f)0 


A_> I y\ (—!)^ 

> IX/z,|Ah—§+l)G 



(5.4) 


|X& 1)G can be expressed as a singular vector of type \x)^a, as in diagrams ( p.3| ) and 

Namely, |x) / ( !t'|A-h ! h-c/ 3)0 = lx), ( !^| A -h,h-c/ 3 +i)c ■ Attaching an arrow U x to 
this singular vector one obtains a new subfamily different from the previous one, although 
involving the same types of singular vectors which are already in the skeleton-family. If 
A — h = 0 and A — h 7 £ q — l, then the singular vector of type |x)[ 1^° cannot be 
expressed as a singular vector of type |X^jc, and the sequence is finished since one 
cannot attach any more arrows U±\. Finally, if A — h = q — l (and the singular vectors 
on the left-hand side are not chiral, as we assume) then Q 0 and Qq produce secondary 
chiral singular vectors on the right-hand side, to which one can attach new arrows U±\. 

Repeating the same reasoning n times one finds that sequence A continues or stops 
after n steps depending on whether the conformal weights A and/or A +1 — nq are zero 
or different from zero, where 

A = A — nh. — n(n — 1)(-——) , nE Z + (5.5) 

6 

Namely, if A 7 ^ 0 and A 7 - nq — l, the sequence of singular vectors goes on attaching 
an arrow U\ to the C? 0 -closed singular vector |x)[^ y ^. G at level l — nq , with h = 
h + n(^ £ ). If A = 0 and A 7 ^ nq — l the sequence is finished, whereas if A = nq — l the 
sequence may finish depending on whether or not the C? 0 -closed singular vector “becomes” 
chiral, i.e. of type |x)[^’^ h) G ■ Starting with charge q — 1 singular vectors x )/'^) 0 
this sequence can finish before one of these conditions is met, since l — nq must be 
positive. Starting with charge q = — 1 or with uncharged singular vectors, however, this 
sequence of mappings and attachements of four-member subfamilies only ends if A = 0 
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and A ^ nq — l or if A = nq — l and the corresponding ^7 0 _c l° sec i singular vector turns 
out to be chiral. In addition this sequence has no loops, although individually a given 
Verma module can appear more than once, in different subfamilies of the sequence (see 
Appendix C). Therefore, depending on the values of A, h, and c, sequence A can give 
rise to an infinitely large family of singular vectors. 

Sequence B starts with the mapping Q 0 A —> lx); jA,-h-c/ 3 +i) G > with 

A + 0 , followed by the mapping U\ \X^a^-o/s+^g -> |x>*+f ^+h+c/ 3 -i,-h- 2 c/ 3 +i)Q 
(diagrams (|5.3|) and (|5.4|) ). Following similar reasoning as for sequence A one finds that 
sequence B continues after n steps if the condition A/0, A / — (nq + l), with 

A = A + nh — n{n + 1 )(---) , n G Z + + { 0 } (5.6) 

6 

is satisfied. Then one can attach an arrow U.\ to the singular vector ^ G at level 

l + nq , with h = —h + (n + l)(Ap). Sequence B stops if A = 0 , A ^ — ( nq + l ), whereas 
it may stop, although not necessarily, if A = — (nq + l ). Starting with charge q = — 1 

/_-1 \/~i 

singular vectors \x)\ | A h)G this sequence can end before one of these conditions is satisfied, 
because l + nq must be positive. Starting with charge q = 1 or with uncharged singular 
vectors this sequence only ends if A = 0 , A ^ — (nq + l), or if A = — {nq + l ) and the 
corresponding t/ 0 -closed singular vector turns out to be chiral, i.e. of type ^ G . 

Therefore, depending on the values of A, h, and c, sequence B can also give rise to an 
infinitely large family of singular vectors. 

However, unlike in the previous case, this sequence can come back to a given Verma 
module, i. e. it has loops (although these loops do not involve necessarily the same singular 
vectors, as we will see). Namely, for h = (n + 1 )(^ £ ) one finds A = A and h = h after 
n steps. 

Notice that sequences A and B are complementary in that sequence A has the bound 
l — nq > 0, which only applies to charge q = 1 singular vectors, whereas sequence B has 
the bound l + nq > 0, which only applies to charge q — — 1 singular vectors. 

Families of no-label singular vectors in generic Verma modules 

The no-label types of singular vectors in generic Verma modules are decoupled from 
the other types in the sense that A transforms the no-label singular vectors into each 
other, and IA±\ transforms these singular vectors into states that are not singular. The 
action of Go and Qo, however, produces ^o-dosed and Qo-closed secondary singular vec¬ 
tors, respectively. Therefore we can distinguish two kinds of skeleton-families involving 
no-label singular vectors: those containing |x)[^g alld |X)|J>Q and those containing |%)L G 
and \x)u)Q- However the singular vectors of types y) and y)^ G are always equiva¬ 
lent to singular vectors of types |x)^j G alld |X)|J>Q> respectively, so that there is only one 
skeleton-family left. 
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Families of singular vectors in no-label Verma modules 

The singular vectors in no-label Verma modules V(|0, h)) are organized into four- 
member families, like in the case of chiral Verma modules. However, in no-label Verma 
modules there are two different kinds of four-member families instead of one, as shown 
in diagram (|5.7| ). These two kinds of families exist already at level 1 (see Appendix B). 
In addition, at level zero the families containing the uncharged singular vectors reduce to 
two uncharged chiral singular vectors whereas the other kind of families does not exist. 


1 v-\ (0)G - 

A/z,|o,h) 

Qo 

lx)z ) | 0 , ) h> 


i y \ (2)g _ 

Ia/z, |o,h) 

Qo 

- lv\ (1 )Q 

|A/Z,|o,h) 

-4 1 


I -4 

and 

“4 1 


I “4 

lA-/Z,|0,-h-§) 

5o 

► i4ith- S) 


O to 

w|n 

Go 

>• lx)[, |0,-h-§) 


(5.7) 


5.2 Spectrum of A and h 


Now let us consider the spectra of conformal weights A and U(l) charges h corre¬ 
sponding to the complete Verma modules which contain singular vectors. 


Generic singular vectors 

For the case of generic singular vectors the spectra of A and h can be obtained easily 
from the spectra corresponding to the NS algebra, given by the zeroes of the determinant 

m, m 


formula 25 


The argument goes as follows. From the determinant formula 
one deduces that the Verma module of the NS algebra Vats (A', h') has (at least) one 
uncharged singular vector, at level l' — y, if (A', h') lies on the quadratic vanishing 
surface / riS (A', h 7 ) = 0, where 

f r ,s( A', h') = -2tA' - h' 2 - \t 2 + \(s ~ tr) 2 , r e Z + , s G 2Z + , (5.8) 


with t = (3 — c)/3. If (A', h') lies on the vanishing plane A', h') = 0 instead, where 


g k (Afti)=2A'-2kti-t(k 2 -^) , ke Z +1/2, (5.9) 

then Vjsrs(A' } h') has (at least) one charged singular vector, at level V = \k\, with relative 
charge (/ = sgn(k). On the other hand, by inspecting the twists Twi (|2.2|) and Tw 2 (|2.3|) , 
one finds that they transform the primary states and singular vectors of the NS algebra, 
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with (L 0 , H 0 ) eigenvalues (A', h'), into t/ 0 - c l° se d primary states and f/ 0 - c l° se d singular 
vectors of the Topological algebra with ( Co,Ho ) eigenvalues (A, h), where A = A' ± y 
and h = ±h'. Consequently, the level and the relative U(l) charge of the topological 
singular vectors are given by l — l' ± y and q = ±q' respectively. 

ft is convenient to rewrite / r . jS (A / ,h / ) and < 7 fc(A , ,h / ) in terms of the topological 
(Cq, Ho) eigenvalues, using (A', h') = (A — ±h), resulting in 


f r ,s (A, h) = -2tA + th - h 2 - -t 2 + j(s 


try 


re Z + , s e2Z 


+ 


(5.10) 


and 


gk( A, h) = 2A — h =F 2fch — t(k 2 — —) , k e Z + 1/2 


(5.11) 


As a consequence if f r>3 ( A, h) = 0 the topological Verrna module V(|A,h) G ) has (at 
least) one uncharged f/Q-closed singular vector |x)S)G, at level l — y. If gk( A,h) = 0 
instead, then the topological Verma module V(|A, h) G ) has (at least) one charged Go- 
closed singular vector |x)[^| g, at level l — \k\ ± y with relative charge q = ±q r , where 
q' = sgn(k ). In addition, the singular vectors of type |x)Lg^ are in the same Verma 
modules and at the same levels as the singular vectors of type |y)®G, and the same 
happens with the singular vectors of types |x)|°|g and on the one side, and with 

the singular vectors of types and |x)^g G , on the other. 

As to the singular vectors built on Q 0 -closed topological primaries, one gets the 
corresponding spectra straightforwardly just by applying the spectral flow automorphism 
A (p.3|) which interchanges G Q ) q <-> —q and h <->■ — h — ~. For example, the singular 


vectors of types |x)|°|q and |x)[are at the same level in the Verma module V(|A, h) Q ) 
satisfying f r>s ( A, —h — |) = 0 in (|5.10|) , and similarly the remaining cases. 


Chiral singular vectors 

Chiral singular vectors can be viewed as particular cases of £/ 0 - c l° se d singular vectors 
which become chiral when A + l = 0, but they can also be viewed as particular cases of 
<2o-closed singular vectors which become chiral when A + l = 0 . As a consequence, the 
spectra of A and h corresponding to chiral singular vectors of type Ix^/^A h) 0 mus t lie on 


the intersection of the spectra corresponding to singular vectors of types x)/°^a h) G 


and 

' ' L 5 I 5 11 / 

\x)fl2 h)G , with A = —l. These are given by the solutions to the quadratic vanishing 
surface f r , s (—l, h) = 0, and the solutions to the vanishing plane gi_i/ 2 (—l, h) = 0, respec¬ 
tively (the type |x){°g G has the same spectra as the type |x)m^g )• The intersection of 
/ r>a (-Z,h) = 0 ( 15.10|) and g t _ i /2 (-Z,h) = 0 (|5.11|) gives 
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(5.12) 


h = |(l-l)-l, (s - trf = (2 - tlf 

with / = y > 0. The obvious general solution for any t is s = 2, r = l , and there is also 
the particular solution r — 2/t, s — It , which only makes sense for the values of t such 
that r G Z + and s G 2Z + . At level zero there are no uncharged chiral singular vectors 
(they exist only on no-label primaries). 

Similarly, the spectra corresponding to chiral singular vectors of type hW mus ^ 

/_-I \s~i 

lie on the intersection of the spectra corresponding to singular vectors of types \x)\ A 
and \x)\ i A ^g , with A = —given by the solutions to p_(/ + i/ 2 )(— l, h) = 0, and the 
solutions to f r ,s(—l, h) = 0 , respectively (the type \x)[ has the same spectra as the 
type |x)!°g G )• The intersection of / r>J 9 (—Z, h) = 0 and 3 _ (m / 2) (-/, h) = 0 gives 


h = -(1 + /) + !, (s - tr ) 2 = (2 - tlf 


(5.13) 


with l = y > 0. As before, the general solution is s = 2 , r = /, for any t, and there is 
also the particular solution r = 2/t, s = It. For l = 0 there are charged chiral singular 
vectors |x)q = Qo|0, h) 1 ^ for every value of h. 

The untwisting of equations (|5.12|) and ( |5.13| ) give the same equations back, with Tw 2 
reversing the sign of h. Therefore h and (— h) in ( 5.1 2|) give the spectrum corresponding to 
uncharged antichiral and chiral singular vectors of the NS algebra at level /, respectively, 
while h and (—h) in ( |5.13| ) give the spectrum corresponding to charge q = — 1 antichiral 
and charge q — 1 chiral singular vectors of the NS algebra at level l + f respectively. 
As far as we know these results for the chiral and antichiral singular vectors of the NS 
algebra were unknown. 


Other types of singular vectors 

Regarding singular vectors in no-label Verma modules and no-label singular vectors in 
generic Verma modules, we ignore the corresponding spectra of A and/or h. The existing 
singular vectors at level 1, shown in Appendix B, suggest however that the spectrum of 
h for no-label Verma modules V(|0, h)) is the “sum” of the spectra corresponding to the 
Verma modules V(|0, h) G ) and V(|0,h) Q ), and also suggest that the no-label singular 
vectors are very scarce (at level 1 they only exist for c = —3). 


6 Internal Mappings and Dorrzapf Pairs 
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An interesting issue is to analyze under which conditions the chains of mappings in¬ 
volving A and U ±i act inside a Verma module. By inspecting diagrams (|5.1|) and (|5.2|) one 
sees only two possibilities: the Verma modules V(|A, h) G ) and V{\ A — h, — h) G ), con¬ 
nected by AU.\, coincide for h = 0, and so do the Verma modules V{\ A, — h — c/3)®) and 
V(|A — h, h — c/3)®), related by U.\A. In diagrams ( |5.3| ) and ( |5.4|) there are more pos¬ 
sibilities. For example, the Verma modules V(|A, h) G ) and V(|A, — h — c/3 + 1) G ) coin¬ 
cide for h = Ap while the Verma modules V{\ A — h, — h) G ) and V{\ A — h, h — c/3 + 1) G ) 
coincide for h = Vw- 

D 


The case h = = § is the simplest example of a loop associated to sequence B, 

corresponding to n — 0. In general, for h = (n + l)t/2 (n = 0,1, 2....) one finds A = A 
and h = h after n attachements of four-member subfamilies. For this value of h and 
A r]S = T[(s — tr) 2 — n 2 t 2 } , satisfying / r , s (A, h) = 0 in eq. (|5.10|) , the loop of mappings 
connect in the same Verma module and at the same level two singular vectors of type 
|x)?jj* and two singular vectors of type | x)id\G- For h = (n + l)£/2 eqns. Q5.12| ) and 
( |5.13| ) give n+l = —| and n — l = j respectively. Therefore for these values the mappings 
connect a couple of chiral singular vectors |x)fj^cP and instead. Finally, for 

h = (n + l)i/2 and A k = A(l ± 2 k) + |(k ± ^) 2 , satisfying g k { A, h) = 0 in eq. (|5.11|) , 
the mappings connect four singular vectors of different types in the same Verma module: 
\x)^G and \X)™C at level /, and |x),+^ )G and |at level l + n. 


The question naturally arises whether the two uncharged singular vectors |and 
the two charged singular vectors |, which are together in the same Verma module 
at the same level, coincide (up to constants) or they are linearly independent. In the 
NS algebra, the possibility that two uncharged singular vectors, at the same level, in the 
same Verma module, may be linearly independent, was discovered by Dorrzapf in ref. 

Under the topological twistings Twi (P-2|) and Tw 2 ( |2~3l) this possibility extends also 
to the topological singular vectors of type |x) , and to all the types related necessarily 

to them via the mappings that we have analyzed; i. e. the three types of generic singular 
vectors involved, together with |x) , in the first kind of generic families, depicted in 

diagram (|5.1|) : |x)| f /c^, |x)[°}Q and |x)[ ^q- This possibility does not extend, however, to 
the eight types of generic singular vectors involved in the second kind of generic families, 
depicted in diagram ( |5.2|) because they are related necessarily to the charged singular 
vectors of the NS algebra, and Dorrzapf proved that for these singular vectors there are 
no such two dimensional spaces. As to the chiral types of singular vectors, they do not 
admit two dimensional spaces [^2|, in spite of the fact that they may appear in generic 
families of the first kind as particular cases. However, chiral singular vectors may appear 
as partners of ^o" c l osed or Qo" c l° sed singular vectors in Dorrzapf pairs since they are 
just particular cases of t/ 0 -closed and Qo-closed singular vectors (see Appendix C). 


Observe that the loops of sequence B, mapping singular vectors into singular vectors 
inside the same Verma module, connect singular vectors of the same type, at the same 
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level, only for the types which admit two dimensional spaces. This fact strongly sug¬ 
gests that these loops of mappings may transform, under appropriate conditions, a given 
singular vector of any of the types |x)[°Jg, \x)\^g Q , |x)|°>q, or |x)fjj?, into a linearly 
independent singular vector of exactly the same type, at the same level. 

The Dorrzapf conditions for the appearance of two linearly independent uncharged NS 
singular vectors at the same level, in the same Verma module, consist of the simultaneous 
vanishing of two curves, e+ s (i, h) = 0 and e~ s {t, h) = 0 , given by 


h) = 1] (±—57 — + 7 =F 5 ± rn) , r G Z + , s G 2Z _ 

m= 1 1 Z 


(6.1) 


where t = and the level of the singular vector is l = rs/2. The topological twists 


T W1 ( |2.2|) and T W2 (|2.3| ) let these conditions invariant, extending the existence of the two 
dimensional space of singular vectors to the topological singular vectors of types \x}\^)G, 
lx>$°, lx)|Jjg and |x)|Jjo i as we pointed out. 

Let us analyze the conditions e+ s (i, h) = 0 and e~ s (t, h) = 0 for h = (n+ l)i/2, which 
correspond to the loops in sequence B. One gets the expressions: 


4,s( t ’( n+i ) t / 2 ) = n 


m= 1 


s — rt n . 

- 1 -b m) 

2i 2 ’ 


( 6 . 2 ) 


r ff — c 77 

e“ s (f, (n + l)t/2) = [] (—— + - + 1 - m) (6.3) 

m =1 Z 

Inspecting these, one realizes that the vanishing of the term corresponding to m = m\ 
in the first expression results in the vanishing of the term corresponding to m = m 2 in 
the second expression provided m 2 = m \ + n + 1. This implies that r > n + 2 for the 
singular vector, but the equality r — n + 2, rri\ = 1 has no solution for the vanishing of 
the first term in e+ s . Therefore r > n + 2, implying l > n + 2 since l > r. 

We see that one has to look at level 3, at least, to check if the loops in sequence B 
connect “Dorrzapf pairs” of singular vectors, since l > 2 already for n — 0 (h = i/2). 
We have checked that this is indeed the case for the singular vectors which correspond 
to the solutions to e+ s (t,t/ 2) = e~ s (t,t/2) = 0 at level 3 (r = 3, s = 2), which are t = 2 
(c = —3) and t = —2 (c = 9). In Appendix C we have written down the pairs of singular 
vectors of types and lx)|Jj? (equivalent to pairs of singular vectors of types y)| 

and x)[7,g Q , respectively), for the case h = i/2 = —1, c = 9, together with the complete 
family to which they belong. It turns out that this family contains two more Dorrzapf 
pairs, which are not connected by any loops of sequence B, and with the particularity 
that one member in each pair is chiral. 
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When the singular vectors of types |x)[°Jg, |x)Lg°, |x)E and |x)ffig do not satisfy 


1 4>) c 




<\<t>)Q 


the Dorrzapf conditions (|6.1|) , then they must be mapped back to themselves (up to 
constants) by the loops of sequence B, and by any other mappings acting inside a given 
Verma module. In Appendix B we show an example of a singular vector of type | x) 
at level 1, with h = i/2, which comes back to itself under the first loop of sequence B. 


To finish, we conjecture that the two partners in every Dorrzapf pair of singular 
vectors of types |, I x)[^)G , |x)fJ>o and lx)fjj? , are connected by the mappings 
made out of A, U±i, Go and Qo , and therefore they belong to the same family. 


7 Conclusions and Final Remarks 


We have analyzed several issues concerning the singular vectors of the Topological 
algebra, considering chiral Verma modules as well as complete Verma modules. 

First, we have investigated which are the different types of topological singular vectors 
which may exist, taking into account the relative U(l) charge q and the BRST-invariance 
properties of the singular vectors themselves and of the primary states on which they 
are built (this is of utmost importance). We have identified an algebraic mechanism, 
“the cascade effect”, which provides a necessary, although not sufficient, condition for 
the existence of a given type of singular vector. In chiral Verma modules V(|0, h) G,< ^), 
i. e. built on chiral primaries, there are only four types of singular vectors allowed by the 
cascade effect, all four with \q\ < 1, as shown in table (|2.5|) . By explicit construction 
we know that the four types exist at low levels, even at level 1. In complete Verma 
modules, built on topological primaries without additional constraints other than the 
ones imposed by the algebra, one finds a total of twenty-nine different types of singular 
vectors allowed by the cascade effect, all of them with \q\ < 2, as shown in tables (|2.6|) , 
0 and O- Twenty of these types (twelve generic, four chiral and four no-label) 
correspond to singular vectors in generic Verma modules, V(|A,h) G ) and V(|A, h) Q ), 
and the remaining nine types correspond to singular vectors in no-label Verma modules 
V(|0, h)). Twenty-eight of these types can be constructed already at level 1 and one type 
only exists at level zero. In addition, the twelve generic types and the four chiral types 
of singular vectors in generic Verma modules can be mapped to the singular vectors of 
the NS algebra and therefore they must necessarily exist. 

Second, we have analyzed a set of mappings between the topological singular vectors: 
the spectral flow mappings A and U±\, and the action of the zero modes Go and Qo- While 
Go and Qo ac I inside a given Verma module, A and U ±i interpolate between different 
Verma modules. The universal spectral flow automorphism A (|3.3|) transforms all kinds 
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of singular vectors back into singular vectors, and chiral states into chiral states. The even 
spectral flow transformation U\ fl3.7|) is very selective, on the contrary, mapping singular 
vectors of types | x)fjjc and | x){^ G ’ Q into singular vectors of types \ x)\^q and |x)fjj2’ Q 
(both), and the other way around for W_i, while mapping all other types of singular 
vectors into various kinds of states which are not singular vectors. One can consider 
several other spectral flow mappings, but they are equivalent to the compositions of A, 
U±i and Aq (the label-exchange operator which interchanges the labels (1) (2) of the 

two sets of topological generators resulting from the two different topological twists). 

Third , using Q 0 , Q 0 and the spectral flow mappings A and U± i, we have derived 
the family structure of the topological singular vectors, every member of a family being 
connected to any other member by a chain of transformations. The singular vectors 
in chiral Verma modules come in families of four with a unique pattern. The families 
of singular vectors in complete Verma modules follow an infinite number of different 
patterns, which we have grouped roughly in five main kinds. Two main kinds consist 
of generic singular vectors, and may contain chiral singular vectors as particular cases, 
producing the intersection of the two main kinds of families. Another main kind of family 
contains no-label singular vectors in generic Verma modules, and the remaining two main 
kinds of families correspond to singular vectors in no-label Verma modules. 

Fourth , we have written down the complete families of topological singular vectors in 
chiral Verma modules until level 3, and we have shown that, starting at level 2, half at 
least of these singular vectors are subsingular in the complete Verma modules. Namely, 
we have found that the singular vectors of types |x) ( ' 1 ^ G an d |x) < ‘°^ corresponding to 
the spectrum h^ >2 in eq. (|4.4| ), are subsingular vectors in the generic Verma modules 
V(|0,h) G ), whereas the singular vectors of types |y) ( '°' >G and |y) ( ' _1 ' )<3 corresponding to 
the spectrum h[.°( >2 in eq. ( |4.3| ), are subsingular vectors in the generic Verma modules 
V(|0,h) Q ). We conjecture that this result is true at any level. 

Fifth , we have derived the spectra of conformal weights A and U(l) charges h cor¬ 
responding to the generic Verma modules which contain generic and chiral topological 
singular vectors. From the spectra corresponding to the chiral singular vectors we de¬ 
duced straightforwardly the spectra corresponding to chiral and antichiral singular vec¬ 
tors of the NS algebra, which were unknown. Regarding the no-label singular vectors in 
generic Verma modules and the singular vectors in no-label Verma modules we ignore 
the spectra. The results at level 1 suggest that the no-label singular vectors are very 
scarce (they only exist for c = —3), and also suggest that the spectrum of h for no-label 
Verma modules V(|0, h)) is the “sum” of the spectra corresponding to the generic Verma 
modules with zero conformal weight V(|0, h) G ) and V(|0, h)®). 
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Sixth , we have analyzed some conditions under which the chains of mappings involving 
A and U±\ act inside a Verma module. In generic Verma modules there are many 
possibilities. In particular we have found a sequence of mappings (sequence B) which has 
loops, i.e. which comes back to the same Verma modules after n steps (n = 0,1,2...). 
For singular vectors of the types |x)[J|g, \x)\^a Q , Ix)|°jo and |x)|J|o these loo P s connect 
pairs of singular vectors of the same type at the same level. With this motivation we 
have analyzed the Dorrzapf conditions ( |6.1| ) (originally written for the NS algebra) for 
the appearance of two linearly independent singular vectors of the same type, at the same 
level and in the same Verma module, for the case of the loops of mappings of sequence B, 
finding solutions for every n, starting at level 3. We have constructed singular vectors at 
level 3 which satisfy these conditions, and belong to the four types mentioned before, and 
we have checked that the loop of mappings for n = 0 transform these singular vectors into 
singular vectors of the same type, at the same levels, but linearly independent from the 
initial ones. These facts and several more examples suggest that the loops of mappings 
made out of A, U± i, Go and <2 0 • in particular the ones of sequence B, produce pairs of 
linearly independent singular vectors of types g,\x)\^)g Q , |x)|JjQ and lx)|Jj q provided 

the Dorrzapf conditions are satisfied; otherwise the pairs of singular vectors coincide (up 
to constants). We conjecture that, in all cases, the two partners of a given Dorrzapf pair 
are connected by these mappings, i. e. they belong to the same family. 

Finally , in Appendix A we have given a detailed account of the “cascade effect”, in 
Appendix B we have written down the complete set of topological singular vectors at 
level 1 for complete Verma modules (twenty-eight different types), and in Appendix C 
we have shown a specially interesting thirty-eight-member family of generic and chiral 
singular vectors at levels 3, 4, 5, and 6. This family contains four “Dorrzapf pairs” at 
level 3, with two partners, corresponding to two different pairs, being chiral singular 
vectors. 


A final comment is that the mappings we have analyzed simplify enormously the 
construction of topological singular vectors because for a given family it is only necessary 
to compute one of the singular vectors from scratch. In addition, the singular vectors 
of the second main kind of families are connected at different levels, and therefore it is 
possible to construct singular vectors at high levels starting from singular vectors at lower 
levels. An important observation is that any topological singular vector annihilated by Go 
(i.e. t/o-dosed or chiral) built on a primary annihilated also by Go, is transformed into a 
singular vector of the NS algebra under the untwistings, and the other way around under 
the twistings. As a consequence the generic singular vectors of types |x)[ fyc, be. Go- 
closed built on (y 0 -closed primaries, can be constructed using the corresponding formulae 
for constructing singular vectors of the NS algebra i,i, and performing the topological 
twists Tw i (|2.2| ) and/or 7V 2 (|2.3|) afterwards. The other types of generic singular vectors 
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and the chiral singular vectors can be obtained from those ones via the mappings that 
we have analyzed. For non-generic singular vectors in complete Verma modules and for 
singular vectors in chiral Verma modules, however, there are no construction formulac||. 


In a forthcoming paper [291 we will analyze thoroughly the implications that the 
results presented here have on the singular vectors of the NS algebra and on the singular 
vectors of the R algebra. 


The rigorous proof that the cascade effect provides a necessary condition for the 
existence of a given type of singular vector will be presented in a next publication fZ2| 
together with the analysis of the dimensionalities of the spaces associated to every type 
of singular vector and some related issues. 
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Appendix A 


The “cascade effect” is an algebraic mechanism which consists of the vanishing in 
cascade of the coefficients of the “would-be” singular vector when imposing the highest 
weight conditions, alone or in combination with the conditions for BRST or anti-BRST 
invariance. The vanishing in cascade of the coefficients starts in all cases either with the 
h.w. conditions Q\\x) — 0 or Qi |y) = 0, or with the BRST or anti-BRST invariance 
conditions <2o|x) = 0 or Qo\x) =0. Once it starts, the cascade effect goes on until the 
end getting rid of all the coefficients of the would-be singular vectors. The proof of this 
statement will be presented in a forthcoming publication |^2|. 


For topological singular vectors in chiral Verma modules this effect occurs for all the 
would-be singular vectors with relative charges \q\ > 1 and for those with \q\ — 1 of the 
types Ix)^ 1 ^ and |x/~ 1 ' )G . For topological singular vectors in complete Verma modules 
the cascade effect occurs for all the would-be singular vectors with |g| > 2, for most with 
\q\ =2 and for some with |g| = 1. 


The types of topological singular vectors for which the cascade effect does not take 

II Some attemps have appeared in the literature to write down construction formulae for some types 
of singular vectors of the Topological algebra, but we find that work very premature and confusing. 
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place are the ones shown in tables (|2.5|), (|2.6|) , ( [T7| ) and (|2.8|), a total of four different 
types in chiral Verrna modules and twenty-nine different types in complete Verma mod¬ 
ules, from which one type exists only at level zero (|x)o°|o = ^oQolffi h)). The cascade 
effect not taking place for these types of singular vectors is a necessary, although not 
sufficient, condition for their existence. However, we know by explicit construction that 
all these types of singular vectors exist at low levels, even at level 1 (except the type that 
only exists at level zero). In what follows we will analyze the cascade effect. 


Cascade effect in chiral Verma modules 

Let us consider topological singular vectors built on chiral primaries 10, h) G,< A To 
see how the cascade effect prevents the existence of such singular vectors with relative 
charge \q\ > 1 let us take a general level-/ secondary state with q = 2. For convenience 
we will organize the different terms into shells, the first shell consisting of the terms 
with maximum number of bosonic modes, the second shell containing the terms with 
maximum number of bosonic modes minus one, and so on. Now by imposing the h.w. 
condition Qi\x) = 0 one deduces easily that the first shell of terms must vanish. The 
argument goes as follows. For q = 2 the first shell consists of all possible terms with l — 3 
bosonic modes. Those terms have the structure 


err UL, CL, g_ 2 g_ u P + r = i -3 (A.i) 

where C'f( are the coefficients to be determined. The action of Q, on C /_ 2 produces 
another bosonic mode, since {<2i,f7- 2 } = 2£_i — 27d_ 1 . Consequently, the terms with 
p = 0, r = / — 3 , giving rise to C l ~iG-i, and r = 0, p = l — 3, giving rise to Ti. l ~fG-i 
cannot be compensated by any other terms and must vanish (in other words, there are no 
other terms which will produce Cl,G-\ or TL l lfG-i under the action of Qf). Applying 
the same reasoning again we see that the terms with p — 1, r = l — 4 and r = 1, p = l — 4 
must also vanish, due to the vanishing of the terms with p — 0 and r = 0. In turn this 
produces the vanishing of the terms with p — 2 and r = 2, and so on. Therefore, the first 
shell of terms disappears because of a cascade effect only by imposing the h.w. condition 

Qi\x) = o. 

The vanishing of the first shell induces, in turn, the vanishing of the second shell, 
consisting of the terms with l — 4 bosonic modes, coming in three different structures: 
H -2 HLi CL 1 Q -2 Q -1 and VfL, £_ 2 CL 1 Q -2 G-i, for p + r = 1-5, and HL, CL, Q -3 Q -1 
for p + r = l — 4 . By imposing H\\x) =0 and again Qi\x) = 0, one finds three inequiv¬ 
alent blocks containing the terms which compensate each other in such a way that all 
the coefficients must vanish. The vanishing of the second shell of terms induces, in turn, 
the vanishing of the third shell, with l — 5 bosonic modes, and so on, as the reader can 
verify. Hence there are no topological singular vectors with relative charge \q\ = 2 in 
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chiral Verrna modules (the same analysis can be repeated for the case q = —2, giving the 
same results, just by interchanging Q <->• Q everywhere). 

The same mechanism takes place for the would-be singular vectors with q > 2 (and 
q < —2 as a consequence) because the first shell of terms with maximum number of 

bosonic modes has the unique structure 7 L L p _ l C 1 . G -3 G -2 Q- 1 , in chiral Verma 

modules, where the number of Q modes is equal to q. The action of Qi on these terms 
produces a new bosonic mode when hitting a fy-mode other than G-i . As a result the 
terms with p — 0 and r = 0 cannot be compensated by any other terms and must vanish, 
giving rise to the vanishing of the complete shell of terms in a cascade effect, as in the 
case q = 2 . 

In the case \q\ = 1, for secondary states of types \x)^ G an d lx}*' ^ there is no 
cascade effect getting rid of the terms. However, there is such effect for the would-be 
singular vectors of types Ix)*' 1 ^ and |x/ _ ^ G - For 7 = 1 the action of Q\ on Q~i, in the 
first shell of terms HfL\ C_ l Q- 1 , does not create a new bosonic mode but a number: 
TLLi £~i £o — 1> A TiLi CL] and H p _i C_ x Ho —■> h HL\ C_ 1 , where h and A are the 
U(l) charge and the conformal weight of the topological primary state on which the 
secondary is built (for topological chiral primaries A = 0). However, if one imposes 
BRST-invariance on the q = 1 would-be singular vector, i.e. Qolx) = 0, the vanishing of 
the terms starts again since Qo does indeed create a bosonic mode (£-i) when acting on 
Q-\. The first shell of terms, with l — 1 bosonic modes vanishes in this way. Therefore 
there is a cascade effect getting rid of the terms of the would-be singular vectors of the 
types Ix)*' 1 ^ and Ix)^^ 6 ' (for the latter by interchanging Q <->• Q everywhere in the 
previous expressions). 

Let us consider finally the case q = 0 . Since the first shell HL\ C_ i contains only 
bosonic modes, it is not possible to create any other bosonic mode by acting with the 
positive modes or with Q 0 or Q 0 . Therefore the cascade effect does not take place in the 
case q = 0 . 

Cascade effect in complete Verma modules 

When the topological primary is Qo-dosed | A, h) Q or no-label |A,h), the f? 0 - m odes 
also contribute to build the Verma module, unlike in the chiral case. As a result, for 
q > 0 the first shell of terms with maximum number of bosonic modes contains one 
f/o-mode. Similarly, when the topological primary is t/erdosed |A,h) G ' or no-label, the 
Qo _m °des contribute to build the Verma module, and for q < 0 the first shell contains 
one Qo- m ode. 

The resulting structures for the first shells of terms, depending on the type of primary 

state, are therefore the following. For q > 2 one has HL 1 C_ 1 .f/_ 3 C/_ 2 Q-\ \ A, h) G , 

7 f p _i C i . 2 Q- 1 Go |A,h) Q and H p _ v C x . G -2 G-i Go | 0 , h). The cascade 
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effect occurs in all three cases simply by imposing Q\\x) = 0. For q < —2 one finds the 
same result by interchanging Q <-> G everywhere. Hence the cascade effect always takes 
place for the would-be topological singular vectors with |g| > 2 . 

For q = 2 the first shells are H p _i C r _ x G -2 Q- i | A, h) G , 7i p _i C r _ ] G-i Go | A, h) Q and 
7 L i p _i C r _ i G -i G 0 |0, h). The cascade effect starts in the first case by imposing Qi\x) = 0 
whereas it starts in the second and third cases only by imposing Q 0 |x) — 0. Therefore 
for q = 2 the cascade effect takes place for the would-be singular vectors of the types 

lx)IJjo , lx)|Jj ?’ 0 and |X>• 0ne finds similar 
-> Q in all these types. 


d 2 ) 


lx)|J>G , lx)| t)G Q , lx)|, lx)1 4)0 , 

results for q = —2, interchanging Q 


For q = 1 the first shells of terms are 7 L C p _ l C r _ L G-i | A, h) G , H p _i L r _ x So | A, h) Q and 
Tddi £-i Go 10, h) . The cascade effect occurs only in the first case, by imposing Q 0 |x) — 0; 
that is, only for the would-be singular vectors of the types \x)\ } JS and |x)[y,)G• One 
finds similar results for q — — 1, interchanging Q *->■ Q. 


For q — 0 the cascade effect does not take place, obviously, like in the case of chiral 
Verma modules. 


The cascade effect also prevents, indirectly, the existence of no-label singular vectors 
of types | x)[Jjo , Ix)^ , |x)|J)o and \x)\^q ■ The reason is that acting with Go or Q 0 
on these singular vectors one obtains £/ 0 -closed or Qo-dosed singular vectors forbidden 

/-i \ ~i 

by the cascade effect. For example, Golx/^a = |x)|^)G , but the latter type does not 
exist, so that |%)f^ G must be (/o-dosed, i.e. of type |x)^|g instead^. 


Appendix B 


Let us write down the complete set of topological singular vectors at level 1 in complete 
Verma modules. 

Generic singular vectors 

First let us consider the four types of singular vectors associated to the skeleton- 
family ( |5.1|) ; that is, the generic singular vectors of the first main kind of families. The 
uncharged (/o-dosed topological singular vectors at level 1 , built on £ 7 0 -closed primaries, 
are given by 


lx)S°|A,h)G = ((h- 1)£-1 + (h 


1 -2A)H_ 1 + ^_ 1 Q 0 )|A, h) G , 


(B.l) 


where A and h are related by the quadratic vanishing surface /^(A, h) = 0, eq. (|5.10| ), 
2 A t = —h 2 + th + 1 — t, with t — (3 — c)/3. By using A (|3.3|) one obtains y) j 0 ^ h ^ Q = 


as 


'We thank M. Dorrzapf for pointing out this to us. 
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A lx)S°|A,h)G> with h ' 


—h — That is, 


|X>!°|’® h .,o = «-h' - | - 1 )£_, + 2A+ S-i5o)|A, h')°, (B.2) 

with A and h' related by 2At = — h' 2 + th' — 2h'. Now acting with Qo and Go on 
|x)i°|A : h)G and |x)S°|A )h , )Q , respectively, one obtains 

wSji’V = ( 3 (l- C i) £ - ia ° +H - igo+a ~ l)|A ' h>G ’ < B - 3 > 


w 


(1)G 

1,| A, h'} < 2 


c — 3 


'3h' + c + 3 


d-xGo 


6 + 3h' 
31T + c + 3 


'H-iGo + G-i) | A, 



(B.4) 


Therefore for given values of A and h, and setting IT = — h— |, one gets a four-member 
subfamily attached to another similar four-member subfamily with A = A — h and 
h = — h, as one can see in diagram (|5 . 1| ) . Whether or not there are further attachements 
depends on the values of A, h and c. 

Let us consider now the eight types of singular vectors associated to the skeleton- 
family ( |5.2|) ; that is, the generic singular vectors of the second main kind of families. The 
singular vectors of types |x},ja, h >° and MijIVh') 0 = -4 Mya,h)° are 8 iven b y 


h) o = 6-i |A, h)°, lx)!ji’T)« = 2-1IA, h')«, (B.5) 

with h' = — h — | and A = h, corresponding to the vanishing plane g i/2(A,h) = 0, 
eq. (|5.11|) . Acting with <2 0 and Go on these vectors one completes the four-member 
subdiagram associated to |x)i^a h) G > obtaining 


= QoS-i |A, h>°, WK h , )0 = e„S_, |A, h')°. (B.6) 

This subdiagram is attached to a chiral couple at level zero, and more attachements may 
be possible (following sequence B) depending on the values of h and c. 

The remaining four types of generic singular vectors at level 1, which also provide a 
four-member subdiagram, attached to a four-member subdiagram at level 2, are: 


lx) 


(2 )G 

l,|A,h')<3 


G-iGo I A, h') G , 


|.A ( -2)Q 
IX/ 1,1 A, h>° 


Q-iQo |A, h) G , 


(B.7) 


lx) 


(DO 

1,1 A, h')® 


(C^Go-AG.^A, h') Q , 


(B.8) 
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WiAA = (£-iQo + «-iQo - AQ-i)|A, h) G , (B.9) 

where h' = —h — | and h and A are related by the vanishing plane g_ 3 / 2 (A, h) = 0 as 
A + h — 1 + c/3 = 0 . As before, it may be further attachements depending on the values 
of A, h and c. 

As is explained in section 2 , all the singular vectors built on primaries of type | A, h) G 
are equivalent to singular vectors built on primaries of type | A, h)^ (with different as- 
signements of the U(l) charges q and h), provided A / 0, as the reader can easily 
verify. 

Chiral singular vectors 

Chiral singular vectors only exist in the types | x)\^)g' Q , |x)|°)q’ Q ) \x)\^yc G ’ Q and 
, and at level 1 they require A = — 1. The uncharged chiral singular vectors are 

given by 

|x>^£ 1)G = (-2£_1 + G iQu) -1, -1) G , (B.10) 

\x)^i Q ^ )Q = (-2£_1 - 2 + Q-iGo)\-l, ^) Q , (B.ll) 

and the charged chiral singular vectors are given by 

I^/^g = (£-iQo + H-iOo + Q- 1 ) |—1, ———) G , (B. 12 ) 

lx>h G A)« = ( £ -i5o + 5-i)|-l, -2)«. (B. 13) 

Observe that the chiral singular vectors are the intersection of the corresponding Go- 
closed and Qo-dosed singular vectors in each case. Observe also that |x)[°| )G j G i>g and 
|x)^ G ^ 2 >q on the one side, and I y)^ G ( G 3 -<^o and |x)| l>G 'e2c,g on the other side, are 
equivalent just by expressing |—1, — 1) G = Go\~ 1, —2) Q and |—1, = Qo\—l, ^ £ ) G - 

No-label singular vectors 

The no-label singular vectors, i.e. which cannot be expressed as linear combinations 
of t/ 0 -closed and < 2 0 - c l°sed singular vectors, exist only in the types y)|^ Q and |x)[^g , 
and the equivalent types |x)[^g , and |x)|°>q • At level 1 they require A = — 1 . One finds 
solutions only for c = —3. They are: 
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|X>^_ 1 ,_ 2)0 = (£-ift> - W-iftOI-l, -2)°, 


(B.14) 



(B.15) 



(B.16) 


lx) ( 1 “ | ) _ 1 , 2)0 = (£-i+2W-,)|-l, 2)0. 


(B.17) 


The conformal weight of these singular vectors is zero. Thus acting with Qq and Qo 
one obtains (? 0 -closed and Q 0 - C l° se d secondary singular vectors, respectively. 

Singular vectors in no-label Verma modules 

Now let us consider no-label Verma modules built on no-label primaries |0,h). The 
corresponding singular vectors are grouped in two different kinds of families, as diagram 
( |5.7|) shows. At level 1 one finds one solution for the families on the right-hand side of 
the diagram: 




and two solutions for the families on the left-hand side of the diagram (which intersect 
for c = —3): 




and 



(B.22) 
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(B.23) 


lx) 


(-i)Q 

l.| 0 ,l> 


(—^+ Q-iQo£o)|o, l), 


y\m 

IX/l,|0,-2±2> 


(( c ~~ 3 )£_iQq^q + (c + 3)'H-\QoGn + (c + 3)<2_i(/o)|0, 


^>, (B.24) 


A iff,, = (X^£-iSoQo + W-i&So - ^S-iQo)|0,1). (B.25) 

The spectrum of h that we have found at level 1 for no-label Verrna modules V(|0, h)) 
is the “sum” of the spectra of h at level 1 corresponding to the generic Verrna modules 
with zero conformal weight V(|0, h) G ) and V(|0, h)^), as the interested reader can verify. 

Loop of sequence B 

To finish, let us show that the loop of sequence B for h = — t/2 transforms a 

singular vector of type |x)i°|A h) G ’ w ibla A^O, back to itsef. This result is to be expected 
because at level 1 the Dorrzapf conditions ( 16.11 ) cannot be satisfied. 

For A ^ 0 the subfamily associated to |x)i°|a h} G > gi ven by (|B.1|) , can be expressed 

as shown in diagram (|5.3|) . In order to obtain |x)j°|A T -h-c/ 3 +i) G = ^|x)i 0 [a h) G one 

has to apply Go A first, then one has to express the resulting Q 0 -closed primary as 
|A, —h — c/3) q = Qo |A, — h — c/3 + 1) G = Q 0 |A, — h + f) G , resulting finally in the 
expression 


lx>;°|A,- h+ ;) G = ((b+l)2A£_ 1 +4(A 2 +A)7d_ 1 + (h— 1—2A)^_ 1 Q 0 )|A, — h + t) G . (B.26) 


Now setting h = t/2 in both vectors, ( |B.1| ) and ( p.26|) , and taking into account that 
A — (t — 2) 2 /8 1, given by /i i2 (A,£/2) = 0 in ( [5.101) , one arrives at the same expression: 


lx)i°| ) A,t/2) G — ( 2 ^~ 1 ^-4^^ _1 + G-iQo)\A,t/2) G (B.27) 

Therefore, the two uncharged singular vectors |x)[°^ h » G and Go ^lx)i°^A h) G coincide for 
h = Ap = t/2, provided A^O. 

To see that the mapping given by Go A is far from being the identity, let us repeat 
the same procedure for a general C/ 0 -closed uncharged secondary state at level 1 instead 
of a singular vector, i.e. for the state 


= (a£-i+W-i + e-iQo)|A, h) G , 


(B.28) 
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with a — (3 = 2A. One finds that Go A maps the secondary state back to itself, for 
h = i/2, only if (3 2 = 4A(A + 1). This is in fact the case for the singular vector ( |B.1|) for 
that particular value of h. 

Appendix C 

Here we show a specially interesting thirty-eight-member family of generic and chiral 
topological singular vectors at levels 3, 4, 5, and 6, for c = 9 (t = —2). It contains 
four Dorrzapf pairs, at level 3, and three chiral couples which produce the intersection of 
the singular vectors associated to the skeleton-family (|5 . 1|) (first kind of generic families) 
with the singular vectors associated to the skeleton-family (|5.2| ) (second kind of generic 
families). Due to the length of this family we write down explicitcly only the four Dorrzapf 
pairs, displayed in diagram 0. The upper row and the lower row of the diagram are 
connected by U \, as indicated by the arrow on top, since UyA li\A = I 


Wi T 





A I 


1 A 


1 A 





(C.l) 


Hi T 



A I 



The uncharged chiral couple of singular vectors and |%) 


(0)G,Q 
3, |-3,-4)0 ’ 


lx>3°b3 Q i )G = So (3£_ 2 £Li + L\G- 1 - H-zQ-i + 2 U\G-i - ZG-iU-iG-x + 

4 £-! 0_ 2 - 8 W _ i 0_ 2 + 12 ^_ 3 )|— 3 , 1 ) G , 


I A') 3° |—3^_4) q — ^0 (3£_2<2-i + C?_iQ -1 + 67Y_2Q-i + 67Yi 1 Q_i + 5£_i7^_iQ_i + 

4£_iQ_ 2 + 127Y_iQ_2 + 12Q_ 3 )|—3, —4) G , 
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is connected by U±\ to the pair of singular vectors |x ) 3 °| Q 4 _ 2 )q and |x)i ?]? 4 ,_ 1>0 • Acting 
further with Go and Q 0 one obtains the four-member subfamily 


l^)3°j~4,-2} < 2 — (3£_2Q-ll?0 + £\Q-lGo + W^O-lGo — C-\H-\ Q-\Gq + 4£_ 1 Q_ 1 (/_ 1 + 
—3£_iQ_2f/o — 47d_iQ_i^_i + 'H-iQ-iGo ~ 8 Q- 2 G -1 + 12Q_if/_2 + Q- 3 ^o)| — 4, —2)®, 


Ix)^ j_4 ; _i)G = (3£_ 2 £-iQo + £ 2 -\G-iQo + 4?Y_2^-iQo + 2TC 2 _ 1 G-iQo + 

3£_i7d_i^_iQ 0 + 4£_it/_iQ_i + ‘8fhL_\G-iQ-\ — 3£_if?_2Qo + 

— 47d_ify_ 2 Qo — 8^2 Q-i + 12f7_iQ_2 + f?—3 Qo) I 4, — 1) G , 

lx)S:K-D- = lx)3°| Q 4,-2)Q = (-4C-3 - 8 £_i£_ 2 - 2£ 3 _ 1 - 8ft_ 3 - 8 U.{H^ + 

-8£_ 2 H-i - 6£ 2 _ 1 7d_ 1 - 10£_i7d_ 2 - 4£_ 1 ?£ 1 + L\Q-xGo + 2C_ 1 H- l Q-iGo + 

£_iQ_i0-i + 47d_iQ_i^_i + 3 £_iQ_ 2 ^o + 6Q_2^-i — 4Q_ify_2)|—4, — 2 )®, 


Ix) 3J-4,-2>Q = lx)3°|-4,-i) G = (-4^-3 - 8£_!£_ 2 - 2£ 3 4 + 2H- 1 H-2 + 2C-iH 2 _i + 
£li^-iQo — 'H—2G—1Q0 ~ H^G-iQo + £—i£ 7 -iQ-i — 3 Tf_i£/_iQ_i + 
3 C- 1 G- 2 Q 0 + 37Y_i^_2Qo + 6 fy_2Q-i — 4^_iQ_2)|—4, — 1) G , 

where the two last singular vectors have been expressed as singular vectors of their 
equivalent types, using |—4, — 1) G = Go |—4, —2) Q and |—4, — 2} Q = <2 0 |—4, —1) G . We 
see that this four-member subfamily consists of two Dorrzapf pairs: one pair of linearly 
independent singular vectors of type |x)|°|g (equivalently |x)[^q) at the same level in the 
same Verma module , and one pair of linearly independent singular vectors of type |x) S>Q 
(equivalently x)Lyc^) a t the same level in the same Verma module. Observe that the 
Verma module V(|— 4, — 1) G ) has h = —1 = |, therefore the singular vectors of the same 
type are transformed into each other by the simplest loop of sequence B, i.e. just by the 
mapping given by Go A. This subfamily is attached further, acting with U± 1 , to the pair 
of singular vectors _^q and |x) 3 °|- 3 ,i>g , which in spite of having zero conformal 

weight (A + l = 0) are not chiral, although they are in the same Verma modules at the 
same level than the chiral singular vectors X^j^qG and Ix^^-zgq : 
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|x)i°|?3,-4>Q = (-4^-3 - 8£_1 £_ 2 - 2 - 8£_ 2 H_i - 6C \ H ^ - 2 C _{ H- 2 + 
—4:C_i7i. 2 _ 1 + £l^o Q-1 — 27^_2^oQ-i + 2 £_jH^i5oQ-i + £-if?oQ-2 + 
— 27Y_i^oQ~ 2 + + 67i_i^_iQ_i + 6fy_iQ_2 — 4t/oQ-3)|~3, —4)^, 


Ix) 3 °j- 3 ) 1 >G = (-4C-3 - 8 £_i £_ 2 - 2£ 3 _! - 8 H _ 3 + 2H_iH _ 2 - 8£^H- 2 + 
2£_i 7Y 2 _ 1 + £l 1 Qo^-i + 7~(—2QoG-i ~ 7~(--iQoG-i + 3£_iQ_ify_i + 
— 37Y_iQ_i^_i + £-iQo^-2 + 37 Y_iQ 0 ^-2 + 6Q^.i^_ 2 — 4Qgl?-3)| — 3,1) G . 


Hence we have encountered two more Dorrzapf pairs with the particularity that in each 
pair one of the singular vectors turns out to be chiral (chiral vectors are just particular 
cases of £/ 0 -closed vectors, as well as particular cases of Q 0 -closed vectors). We have 
checked that these singular vectors satisfy the Dorrzapf conditions (| 6 . 1| ) . Observe that 
in this case the singular vectors of the same type are not connected to each other by a 
loop of sequence B, but rather by the mapping Ix)^ 0 ]^ ,^c = AUiGqUi |y)3°|^3 Q i)G- 


Acting now with Go an d Qo one obtains secondary chiral singular vectors X^^'^Lzaq 
and \X)^-3$ G at level zero with respect to the singular vectors on which they are built. 
Therefore these arrows Go, Qo cannot be reversed unlike the previous ones. One can 
attach arrows U ±i to these secondary singular vectors, and with them the four-member 

subfamily: |x)i 7 |-?- 2 >e> lx)i!| G 4 ,-i>G> lx)i°|- 4 Q - 2 >Q> lx)i°}- 4 Q _i)G, at level 4, where the chi¬ 
ral singular vectors are, in turn, secondary singular vectors of the non-chiral ones. Using 
U ±1 again a new subfamily is attached: I A)i°{? 3 ; _ 4) Q , lx)i°j G 3) i>G, lx)i °|? 3i0) q , lx)i°| & 3 _ 3 > g- 


Using U±i once more one attaches the subfamily: |x)i°|J_ 6 ) Q, |x)^ 3 )g, lx)l,| 0 -6)«> 
|y )4 |q ? G . There are no further attachements to this subfamily since A = 0, so that it 
is not possible to write singular vectors equivalent to Ix^joL^Q and ix)Iio!?>g where to 
attach more arrows 14±\. 


J0)G 




The attachements of subfamilies is not finished, however, because the uncharged chiral 
singular vectors are equivalent to charged chiral singular vectors, and the spectral flow 
mappings U ±i distinguish betwen a given chiral singular vector and the equivalent one. 
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Wi T 


lx) 


(-1 )G,Q 
3, |-3,-3) g 


At 


lx) 


(1 )G,Q 
3, |-3,0)<3 


Wi T 


(C.2) 


lx) 


(1)G 
4, |0,3) g 


So 

- > 


lx) 


(0)0 
4, |0,3) g 


A I M 


lx) 


(- 1)0 
4, |0,-6)0 


So 

- > 


IX/4, |0,-6><3 


Let us move to diagram O- The uncharged chiral couple of singular vectors 
|x)7|—:m)G and |x) 3 °j^ 3 ^- 4 )q > i n diagram (|C.1|) , is equivalent to the charged chiral cou- 
P le lx)S3?0)« and Ix)s 7 |-?- Q 3 ) g in diagram (|C.2|) . These singular vectors are attached 

by Z4i to the four-member subfamily: |x) d j G 3)G , Ix)i 7 |o!- 6 >o > lx)i°jJ 3> G , lx)i°j^_ 6) Q , at 
level 4. Since A = 0 for this subfamily there are no further attachements. 

Now let us consider the charged chiral couple |x ) 3 j G fl 4 )Q and |x ) 3 7 G ’q G - It is equiv¬ 
alent to the uncharged chiral couple x) 3 °|-. 3 < L 3 )g and lx) 3 °j G 3 Q 0 )Q, that can be attached 

using Z4i to the subfamily: |x) 3 °|^_ 6 ) q, Ix) 3 °| G 3 > g, |x) 3 1 | G _ 6 ) q, Ix)^?>g- Since A = 0 
for this subfamily there are no further attachements. 

Finally let us consider the uncharged chiral couple |x)jj°jand |x) 4 °] < ^ 4 < ^_ 2 )< 3 • H I s 
equivalent to the charged chiral couple and Ix^-Tm) 0 ’ that can be attached 

using U±i to the subfamily: |x)ij 7 ) ^_ 4 >Q . lx) d |7 3i i)G, |x) d | Q 3 ,o)Q> Ix)s7|-S-3> G ^ at level 
5. This subfamily is in turn attached by U± 1 to the subfamily: x)f7|(?^6) G ’ Ix) 6 1 ]o ? 3 >g 5 
lx) 6 °jo I - 6 ) < 3 ’ Ix)7 10 ^ 3 ) g ’ a I ^ eve ^ There are no further attachements since A = 0 for this 
subfamily. 

The complete family consists therefore of thirty-eight singular vectors at levels 3, 4, 
5, and 6 distributed in five different Verma modules. Two of them have A = 0 and 
consequently a single primary state: V(|0, 3) G ) and V(|0, — 6 ) Q ). The other three Verma 
modules have A ^ 0 and consequently two primary states. Namely, V{\— 4, — 1) G ) = 
V(|—4, -2)0), V(|—3, 1) G ) = V (| —3, 0)Q), and V(\-3, -3) G ) = V(\-3, -4)«). 
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